UNIT-4
DIFFERENTIAL CALCULUS

Learning Objectives
e To learn concept of function, limit, and differentiation for function of one variables.
e To learn the differentiation of various functions, their sum and product.
e To learn applications of derivatives in real life applications

4.1 FUNCTIONS

Definition of Function: Let # and # be two non empty sets. A rule [:A-B (read as / from A to
By is said to be a function if to each element * of # there exists a unique element ¥ of #

such that /(*) = ¥ ¥ is called the image of * under the map /. Here * is independent variable
and Y is dependent variable.

There are mainly two types of functions: Explicit functions and Implicit functions. If y is

clearly expressed in the terms of x directly then the function is called Explicit function. e.g.
y=x+20

If y can”t be expressed in the terms of x directly then the function is called Implicit function.
e.g. @ Xt + 2hxy + h_v“ =]

Functions | Algebraic Trigonometri |Inverse Exponentia | Logarithmic
Tvpes c Trigonometri |1
y=xlpx41 Jfy=sinx P =tan"'x y=e" y=log x
Examples |y — % —3y 42 .Y~ %, y=cos 'x: |y=2% y=log:x .
i ¥y = secxy 1l 5 y—i ',
x+1 3 e y=cot™ x: y=5% y 08 10% -
y= etc. etc. etc:
etc

We may further categorize the functions according to their nature as:

Even Function: A function /(%) is said to be an even function if /{ —X) = /(X) for all x.

For Example: X+ ¥+ 1,605 (x) gt _
Odd Function: A function /(*) is said to be an odd function if /{ —*) == /(X) for all x.

For Example: X /S1n (x),tan (x) gtc,

Periodic Function: A function is said to be a periodic function if it retains same value
after a certain period.

For Example: : etc.

As

Therefore is a periodic function with period

Examples to solve functions:
Example 1. 1f /{x) = x* +1 fing £(2),
Sol.  Given that f(x) = x* +1
Put * = 2 in function, we get
f(2) =2 +1=441=5
Example 2. Iff(X) = 2 =4x+6 fing If-’*“".
Sol.  Given that f(x) = 2x"~4x+6
Put * == < in function, we get
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f(=2)=2(-2)-4(-2)+6=2(4)+8+6=8+14 =22
Again put * = 1 in function, we get
f(1) = 2(1)°-41)+6=2-4+6=4

f(-2) 22
=—=>5.5
Therefore 7(1) 1

Note:
(i) The symbol “° is called infinity.
(ii) ¢ is not finite (Where @ # 0) and it is represented by @ .
(i)~ Vi@ # @)
Indeterminate Forms: The following forms are called indeterminate forms:

(These forms are meaningless)
Concept of Limits:
A function / (*) is said to have limit ! when * tends to ¢, if for every positive ¢ (however

small) there exists a positive number @ such that | f(x) = | < & for all values of * for which

0<lx-a|<4danditis represented as

Some basic properties on Limits:
(i) lim K=K where K is some constant.

X —a
(i) limK.f(x)=K.limf(x) where issome constant.
X —a X —a

(iii) lim [ £ () + g(x) ]=lim f () + lim g(x)
(iv) lim [ f (x) — g(x) ]=lim f (x) — lim g(x)
(V) lim [ f(x).g(x) ]=limf ). lim g(x)

lim  (x)
wiytim| 0 Lxoa ™ oovided that fim (g = 0
x—al 9(x) | Ilm g(X) X —a

(vii)  lim[f (x)]”=| lim f(x)‘ |”
L ]
Methods of finding the limits of the functions:
1) Direct Substitution Method
2) Factorization Method
3) Rationalization Method etc.
Some Standard Limits Formulas:

Xll_all

1) lim
x>a X—d

(1)

2) lim |1+ —]=e

=npan-1

x—>ook X

3) lim (1+x)x =e

x— 0

X
4) lim & ~l-logca
x—0 X
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X
5) lim & —l=logce=1
x>0 X
6) limsinx=0
x—0
7) limtanx=0
x—0
8) limcosx=1
“’sinx
9) lim =1

“>%an x
10) lim =1
x— 0X
Some Solved Examples on limits:

Example 3.  Evaluate lim (1+x+x2+x3).

X —>-1

Sol.  tim (1 x+xz2+% )=l (~1)+ (-1)° + (-1)} =1-1+1-1=0

Xx—-1

3
Example 4.  Evaluate lim X_+6

X —>-1 X+1
3 3
SOI. lim X" +6 :(_1) +6=_1+6=§=OO
x—-1 X+1 -1+1 0 0
3
Example 5.  Evaluate lim X_—8
X = 2 X_2
3 3
Sol. lim X _8=2 _8=8_8 =_0 I(9 form\\
v2 X—=22-2 2 —-20 Lo

3 3 .3
S lim X =8 =|im X =2
x>2 X—2 x52 X—=2
2 52
_lim (x—Z)(x +2 +2x)
X— 2 X_2
:Iim(x2+22+2x)
X—> 2
=22+2°4+2(2)
=4+4+4=12

By factorization method

Example 6.  Evaluate lim _a+tX~- a-Xx

x—0 X
Sol. lim_a+x—- a-x_ a+0- a-0_ a -a_»0 (9 form\\l
X0 X 0 0 0 L0 )
- lim at+tX— a—xX
X -0 X

By rationalization method
=limJa+tx—va-Xx . a+x+va—x

_)
x  0X a+X+.a— X !

172



—lim QE)Z—G;)Q
x>0 X(\I'Ia+x+1"a—x)

= lim at+tx—a+X

crox (hoxe a¥x)

= lim 2X

x—>0X(a+X+ a—x)
=lim

X0 (a+x+ a—x)

2
f(ﬁmj i)

2 a a
Method of evaluation of algebraic limits when

Example 7. Evaluate lim (X+D(x+2)

x>0 (X+3)(x+4)
Sol.  flim (+1)(x+2) _ (e +1)(0+2) (o
v (x+3)(x+4) (0+3)(0+4) o \oo

Vo 2)

X1+ =Ixl1 +—]|

~dim D) +2) gim L x) L )

x—> 0 (x+3)(x+4) X o X(|l+—:'\zx\\l( +i\‘

\ x) U x)
o (1N 2) (1, 2)

x 1t = jnt—| 1 t—q1 +=

—1im U xJU xJ)_|im x)L  x)
X —> o0 2( 3\( 4\ X —> 0 3 4

x 1t = jut— i t—i1 t—
x U x)J xJU  x)
: w2
\ o/l o) (1+0)(1+0) 1
A T
\ /U )
Example 8.  Evaluate lim (<*-1)
x> (x2+2x+1)(x+5)
Sol. lim (Xz_l) = (002_1) =% I(f form\l
N (x2+2x+1)(x+5) (002+2(oo)+1)(oo+5) e \oo
2 (1)
Cdim 1) i U3
X (X2+2X+1)(X +5) X%wxz\(h E+ —J-\)\1( E\\
K X Xz) k Xj
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(1)

[1- —|

— lim L xY
xoo [ 2 1Y 5)
x|l F—F—1j1 +—|
U ox x x
L)
U ) (1-0) 1
= [ 2 1Y 5)= «o(1+0+0)(1+0) =o0=0
o |1+ — 4= 1+ — |
o o N o)
Example 9.  Evaluate lim (sin x - cos x).
x—>%
Sol.  lim(sinx - cos x)=s in 1—cos%=1—0=1
. 2
X—>2
Example 10. Evaluate lim Sin 5x
x >0 06X
Sol.  lim sin 5x —sin(5 x0) _sin(0) _ 0
x>0 BX. 6x0 .
° Sin5x sindx & 5 5
oo lim =lim x =lx =

x 70 6x 0 5x66 6
Example 11. Evaluate lim _9X

x— 0 tan3x
Sol. lim_9x -_9%0 __ 0 _0
x>0 tan3x tan(3x0) tan(0) O
lim 99X =lim__9X  =lim__9%x =9=3
x -0 tan 3x x_,otag_xis‘xxe)x x»>01x3x 3

Examples based on trigonometric formulas:

Example 12. Evaluate lim Sin 4x —sin 2x
x— 0Sin 7X+sin 3x

Sol. lim Sin4x—sin2x _sin0-sin0 _0-0_0
x—08in 7X+sin 3x sin0+sin0 0+0 0
(4x+2x) (4x—2x)

2 cos| sin | |

-~ lim Sin4x —sin 2X _ |im \ 2 )L 2 )
x50SINTX+SIN3X x50 [ 7x+3x) [7x-=3x)
2sin| |cos | |
2 ) U 2 )
cos 3x xSINX x x
=lim £0s3xsinX —|im X

x—08in 5XC0S 2X  x—o Sin bx
5X x5 X xC0s 2x
=lim €0S0xIxX _|jm 1x1 _1
x0lx5Xxc0s0 x,0lx5x1l 5
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form |

sin x
lim
x>0 X

form |

tan x
lim
x>0 X

form |




X
Examples based on lim @ _—1=log¢ a:
x>0 X

Example 13. Evaluate lim 2 =1,

Xx—0 X
Sol.  Applying the above formula, we get
X
lim 2 -1 loge2
x—>0 X

X X
Example 14. Evaluate lim 4_—3

X—0 sin x
X X
Sol. - tim 4%=3_jim 4*-141-3" _ i (4¥-1)-(3-1)
x— 0 sin x X—0 sin x Xx—0 Ix x
X XX
_ [(4 1) (3 1\1
=lim]| |—|
x—0 X X
‘Lk /I

4)J

=loge4—-loge3=Iloge
3

Example 15. Evaluate lim exX-1

Xx—0 XtanX
2 ( X2 2
Sol. - lim & _1=Iim\e -1, 1\
xooXtanXx xsol|  xe2 Xtan J|
=logee xlim x? = 1x lim —=%—=1
x—oX tan X x—o0 tan x
EXERCISE-I

If f(x) = x>+ 2x:-3 -"+‘,find“‘”.
If f(x) = x*+x+1 find f(2).f(3)

3. Thelimitoft( )=
a. 1l b.0 c. -1

4. Evaluate lim )

x—2 X+2
X2_
5. Evaluate lim
%
x 5 X—=5

6.  Evaluate lim _X—3 .

anXz—g
2
7. Evaluate lim X _+Xx-2 |
H1X2—4x+3

8. Evaluate lim » x=+/3_
Xx—3 X—3

9. Evaluate lim [2FXx- 2=X
HO—Z—x—
10. Evaluate lim X 64

x—4

X—4
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(herea=2)

| logea—logeb=1loge

( logee=1)

d. Does
not exist

a)

— |
b)



11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

217.

28.

29.

30.

— 32
EvaluatelimJX f )

— 2X — 2x

ol

Evaluate lim X3_—5%
x>5 X-5

Evaluate lim X(x-5)
xso X°+5

Evaluate lim __(2x+5)(x+3)

x>0 (3x%+2x-1)(x+9)

5 3
Evaluate lim (" +x°+5)
x>0 (x2=9)(x+8)

(x7+2x2—6)
2

Evaluate lim

X > (x3+5)(x +x+l) |

Evaluate lim _4X .
x 08 in 2X
tah b,
Evaluate lim
x— 03 X

tan 4x
Evaluate lim )
x asin 2x
s1n gx —tan 2x
Evaluate lim .

oX
“tan 4x + 2 x
Evaluate lim .

X

Evaluate lim
x - 0Sin 5X —=sin 3x

Evaluate lim Sin4x—x .

Evaluate lim
x— 0X
3X— 2x
X X
. 95 X -3
Evaluate lim

Evaluate lim

X

%
x 0 tanx
x—1

cP

Evaluate lim

_a
Evaluate lim

Xx— 0 X—l

. tan x -1

Evaluate lim .
%

x 0 tanx

e. .—1
Evaluate lim *"* "

x— 0X

502X .
Sin 6X + sin 4x

ANSWERS
3. d
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3] o
-

9. 22 10. 48 11. 22 12.3(5) 7
13. 1 14. 0 15. 16.

17. 2 18. 2 19. 2 20. 1
21. 3 22. 5 23. 1 24,

25. 26. 27. 28.

29. 30. 1

4.2 DIFFERENTIATION

Increment: Increment is the quantity by which the value of a variable changes. It may be
positive or negative. e.g. suppose the value of a variable x changes from 5 to 5.3 then 0.3 is
the increment in x . Similarly, if the value of variable x changes from 5 to 4.5 then -0.5 is the
increment in x .

Usually §x represents the increment in x, 5y represents the increment in y, 5z represents
the increment in z etc.

Derivative or Differential Co-efficient: If yisa function of x. Let 5x be the increment in

xand sybe the corresponding increment in y, then Ilim JY (ifitexists ) is called the
sx—>0 OX

derivative or differential co-efficient of y with respect to x and is dented by 4V .

dx
ie. dy —lim 8y
dX sxs0 OX
Differentiation:
Let y=f(x 1)
Let 5x be the increment in x and Sy be the corresponding increment iny , then
y+0y="f(x+5x) 2)

Subtracting equation (1) from equation (2), we
gety +5y —y="f(x+5x)-f (x)

= sy =f(x+5x)-f(x)

Dividing both sides by &x , we get

§y—f(x+5x)—f(x)
oX OX
Taking limit §x — 0 on both sides, we get
lim 9Y —lim f&x+6%)-f(x
Sx—00X  5x50 OX
If this limit ex(ijsts, we write it as
y

T =f"(x)

d x
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where f'(x)=lim f(x+6x)-f(x) |
5x -0 OX

This is called the differentiation or derivative of the function f (x) with respect to x .

Notations: The first order derivative of the function f (x) with respect to x can be represented
in the following ways:

d d f
ax(F)—dx . f'(x), f1(x)etc.

Similarly, the first order derivative of y with respect to x can be represented as:
dy

d x

Physical Interpretation of Derivatives:

Let the variable t represents the time and the function f (t ) represents the distance travelled in
time t.

,Y',y etc
1

. Distance travelled
5]’('('([ =

Time taken

We know that
If time interval is between'a'&'a+h'. Here h be increment in a. Then the speed in that
interval is given by

f(a+h)-f(a)_f(a+h)-f(a)
a+h-a h

If we take h —0 then f(2+h)~f(a) approaches the speed at time t = a . Thus we can say that
h

derivative is related in the similar way as speed is related to the distance travelled by a
moving particle.

Some Properties of Differentiation:
If f(x)and g(x) are differentiable functions, then

o d .
(i) d x(K)=0where * is some constant.

(ii) ddx (K. f(x)=K. ddx (f(x)) where X is some constant.

d d d
(i) dx [fF)+9()]=dx (f))+dx (9(x))
d d d
[f()-9()]=dx (f(x)-dx (a(x)

d d
F(x)-90]=F (). dx  (0()) 7). dx  (f(x)

This property is known as Product Rule of differentiation.

a1 e 1 900 g (TGO 10 (a0)
(Vi) — | = 7

dx| 909 | (909)

This property is known as Quotient Rule of differentiation.
Differentiation of standard functions:

(iv) dx
d
™ ax [

provided that g(x) = 0
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(i) dgx (x")=nx""" . This is known as power formula, here n is any real number.
(i) agx (sin x)= cos x
. d .
(i) @ x (cos x)= - sin x
(iv) ddx (tan x)=sec ? x
d
(V) d x (sec x)=sec x tan x
(vi) d x (cos ecx )=— cos ecx cot x
(vii) :—X(ax)=axlogea herea>0 & a=1
(viii) ddx (e*)=e*logee=e”
d 1
(ix) d x (loge x)= x

d 1
(X) d x(loga x)= xlogae
a 1
(xi) d x (S in s X)= 1-x 2
i) 4 1 _-1
dx (cos x)z 1-x°
(i) 4 (tanix)=_1
dx

1+x*
(xiv) A (cotix)=_=1_
dx 1+x°
(xv) d 2 1
dx (sec x)=[x| xZ-1
(xvi) d -1 -1

d_x(cosec x)=|x| x2-1

Example 16. Differentiate y = x0 with respect to x .

Sol.  Given thaty = x'°
Differentiating it with respect to x , we get

d d
“dd=d x (4°)-10x°

4.3 DIFFERENTIATION OF SUM, PRODUCT AND QUOTIENT OF
FUNCTIONS Differentiation of sum of two or more functions, product of two or more
functions and quotient of two or more functions are explained with following examples as:

Example 17. Differentiate y =5 —x ® with respect to x .

Sol. Giventhaty=5-x 6
Differentiating it with respect to x , we get
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dy d gy 4 d
dxzdx(S_X )zdx(S)_dx(X6)

—0-6Xx°=-6x"

Example 18. Differentiate y = x — —L with respectto x.

» X
v

Sol. Giventhat y= x — -
X

Differentiating it with respect to x , we get

dy d (- 1) d — d(1)
—=— x- —=|=—(x)-——=|
dx dx\ x/) dx dx\x)
a2 d (1) 11y (1) iy
= [x2 |- —— |y 2 |== 2 —=]- —|x 2
dx| | dx| | 2 L o2)
\ ) L)
1 3
=1x75+1x 3
2 2

Example 19. Differentiate y =sin x—e * + 2* with respect to x .

Sol.  Giventhat y=sinx-e*+2*
Differentiating it with respect to x , we get

d_y:d_(sinx—ex+2x)=d_(sinx)—d_(ex)+d_(2x)
dx dx dxdx dx

=cosx—e"+2"loge2
Example 20. Differentiatey =e*.a* + 2 x> - log x with respect to x .

Sol. Giventhat y=e*.a*+2x*~logx=(ea)*+2x* - logx
Differentiating it with respect to x , we get

dy _ d_((ea)X+ZX3—Iogx):i(ea)x+2d_(xg)—d_(logx)
dx dx d x dx dx
1 1
= (ea)*loge (ea)+ 2 (3x 2 )- "x = (e a)*log, (ea)+ 6 x 2= "y
Chain Rule: If f(x) and g(x) are two differentiable functions then

2 (000))=1" (000)- - (g(0)= 1" (4 9" ()

So, we may generalize our basic formulas as:

(i) (;j—x (( £(x))n ): n(f(x))" ", ' (x)here n is any real number.

(ii) ;—X(sin( £(x)))=cos(f(x)).f'(x) etc.

Examples based on Chain Rule:
Example 21. Differentiate y =sin(2 x +1) with respect to x .
Sol.  Given that y=sin(2 x +1)
Differentiating it with respect to x , we get
dy_ d sin(2x+1)=cos(2x+1). _d(2x+1)
dx dx dx
=c0s(2 x +1).(2x1+ 0)=2 cos(2 x +1)
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Example 22. Differentiate y = tan (cos x) with respect to x .

Sol.  Given thaty = tan (cos x)
Differentiating it with respect to x , we get

d d d
—-d xy—zd x tan (cos x)=sec * (cosx). d x (cos x)
=sec 2 (cos X).(=sin x)= - sin x .sec % (cos X)
Example 23. Differentiate r =sin(log(5 s)) with respect to s .
Sol.  Given that r =sin(log(5 s))
Differentiating it with respect to s , we get

dr_ i (sin(log(5s)) )= cos (log(5 s)). d_ (log(55))

ds

= €0S (Iog(5 5))._1.d (5s)=cos (Iog(5 s)) 1 5 =cos (log(55))
5sds 5s 5
Examples based on Product Rule:
Example 24. Differentiate y = x cosx with respectto x.
Sol.  Given that y = x cosx
Differentiating it with respectto x, we get

dy - d (xcosx)=x._d_(cos x)+cos x X
dx dx dx dx

=X.(~sin x)+ cos x .1=— x sin X + cos X
Example 25. Differentiate y = log x tan x with respect to x .
Sol.  Giventhaty =log x tan x
Differentiating it with respect to x , we get

d d d
d Xy =d x(logxtanx)=1logx.d x (tanx)+tanx d x (logx)

’ 1 , fan X
:|OgX><(SeC x)+tanXX x =logx.sec” x+ x

Examples based on Quotient Rule:

Example 26. Differentiate y = SinX with respect to x .
X

Sol. Giventhat y=Sinx
X

Differentiating it with respect to x, we get

x.d_(sinx)-sinx.dx
dy d (smx\ d x dx

2
d x dx\x ) X
— X.COS X —Sin X .1 — X cOS X —sin X
2 2
X X

Example 27. Differentiate y = with respect to x .

1+x

Sol. Giventhat y= X

1+x2

Differentiating it with respect to x , we get
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dy—d x| = dx_ dx\ )
dx dx' 1+x° | ( 1+X‘2Y
\ )
T+x: .1-x.1 , - d (1+x2)
— ! 2_
(1+x2)
[ — X Y — x’
ﬁ 1+xi—=2><2x| ‘|‘ 14x° - 2‘\
\ 2 1+x) \ 1+ x)

(1+x2) i (1+x2)

(( m\z_xz\

| \ ) |
| |

2
| 1+ x|

(1+x2)
14x , X 1

:(1+x2) 14" = (1+x2) 1+ %
Examples based on Parametric Form:

dy .
Example 28. Evaluated—i if x=t2 and y=2t.

Sol. Giventhatx=t? and y=2t
Differentiating x with respect to t, we get

dx d .2
dt ™ dt(t )‘ZI
Differentiating y with respect to t, we get

4y _d (5¢)2
dt_dt( )

(dy)

\ dt)
Example 29. Evaluateg—y if x=cos46and y=sin26.
X

Sol.  Given that x =cos 40and y =sin 20
Differentiating x with respect to 9, we get
dx = d (cos40)=-sin40x _d_(46)=-4sin40
de deodo
Differentiating y with respect to 9, we get

?—X: Jd—n(sin 260)=cos 20x -d_n (26)=2cos 26






dy 1“9 _ 2c0s2f§ =—Cos2¢
dx  (dx) —4sindd  ,anap

| —
logy = log x *
b
logy =x log x (Ioga =b|oga)
Differentiating it with respect to x , we get

d_(logy)= 9_(xlogx)

dx dx
1dy —xd (logx) +log x dX
y dx dx dx
ld—yzx.l +logx.1
y dx X

| |

\*?)

Logarithmic Differentiation :

Let f(x) and g(x) are two differentiable function and y = f (x)° &)
To differentiate y , first we take logarithm of y :

logy = log (f (x)° ) )

log y = g(x)log( f (x)) (Iog a’=bloga )
Differentiating it with respect to x , we get

d_(logy)=9_(g(x)log( f(x)))
dx dx

1dy _ 9(x) %-(Iog f(x))+ log f (X)d—()j( (9(x))

ydx
id_y.: g(x) 1_-- f' (X)+ log f (X)g ' (X)
y dx f(x)
dy [g(x) |
—y f'(x) +logf (x)g" (x) |
dx  [f(x) |
Ay=1(0" T 90 £ (x)+ log f (g’ ()
d x L f(x) ]
Examples based on Derivative of Logarithmic Differentiation :

Example 30. Differentiate y =x* with respect to x .

Sol. Giventhaty=x"
Taking logarithm on both sides, we get

1d
—_ "~ =1+log x
y d.x
y
_ " =y(1+logx)
dx

sin x

Example 31. Differentiate y = x

Sol. Giventhaty=xS"*
Taking logarithm on both sides, we get

with respect to x .



sin X

log y = log x
logy =sinx.logx
Differentiating it with respect to x , we get

d (logy)=_d (sinx .log x)

dx dx

1dy . d
==y _ —(log x)+ lo x— sin x
S 0x sin x —(log x)+ log d (sinx)
1dy =sinx.1 +logx.cosx

y dx X

dy  (sinx

—_—y —_— +logxcosx |

dx U x

dy, sinx‘(sinx |

dx L x ’

Example 32. Differentiate y = (sin x)°* *

Sol. Given thaty = (sin x)****
Taking logarithm on both sides, we get

log y = log (sin x)***

log y = cos x log (sin x)
Differentiating it with respect to x, we get

d (logy)=9d_(cosxlog (sin x))

with respect to x .

dx dx
1dy —cosx A (log (sin x))+ log (sin x) d_ (cos x)
ydx dx dx
1dy —cosx 1 d (sinx)+ log (sin x).(- sin x)
y dx sinx d x
igi = cot x cos x —sin x log (sin x)

g i y (cot x cos x —sin x log (sin x))

d y - COS X . .

d x_ =(sinx)"" " (cot x cos x —sin x log (sin x))

Examples based on Derivative of Infinite Series form :

(Iogabzbloga)

(Iogabzbloga)

Example 33. Differentiate 'sinx + sin x + /sin x + /sin x+...  with respect to x .

Sol. Let y=Jsinx+ lginx+ Jsinx+ Jsinx +. . .

y=,/sinx+y

yz_ﬂnx+y
D|fferent|at|ng it W|th respect to x , we get

_( )_ _ (sinx+y)

dx dx
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= CO0S X
dx dx

9)L COS X
dx=(2y -1)

Example 34. Differentiate with respect to x.

Sol.  Let
y=x’
Taking logarithm on both sides, we get
logy = log x ¥
logy =y log x
Differentiating it with respect to x , we get

d_(logy)=_d_(ylogx)

dx dx

1dy —y d (logx)+logxdy.
y d X dx dx
ldy —jogxdy =y

ydx dx X

}___—mgx J———=

Y J)dx X
‘1—ngxpdy y
‘ y Jdx X
dy y’

dx= x(1-ylogx)
4.4 SUCCESSIVE DIFFERENTIATION OR HIGHER ORDER DERIVATIVE

Let y=f(x) be adifferentiable function, then % represents the first order derivative of y
X

_ - d (dy) N
with respect to x .If we may further differentiate it i.e. _! —_— | then it is called second
dx\dx)
order derivative of y with respect to x . Some other way to represent second order derivative
. 2 :
of y with respectto x: d”y y',y 2
dx?

So, successive derivatives of y with respect to x can be represented as

dy d’y d° d"

y =L Y. Y etc.
dx dx dxs dx

i 2
Example 35. |If y:x&42x5+5x3—n,ﬂndd y.
2

dx



Sol. Giventhat y= x°—12x%+5x° 12

Differentiating with respect to x , we get
d d
—d—xy—_d X (x8 125+ 5 x3 —12)
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d
= —d'xy:8x7—60x4+15x2
Again differentiating with respect to x , we get
d°y d
5= (8x7—60x4+15x2)
ddx dx
D2Y ox®240x% 430
xdx
Example 36. If f (X): X z.sinx‘ find £ (0)and "' ( ﬂ-\.

—
\ 2)
Sol. Giventhat f(x)=x? sinx
Differentiating with respect to x , we get

d d
d x(10))=d x (x*sinx)

d d
= fr(x)=x g x (sinx)+sinx g X(xz)
= f'(x)=x%cos x+sinx. 2 x
= £ (x)=x 2 cos x + 2 X sin X

Again differentiating with respect to *, we get

' (x)=¢d X(xzcosx+2xsinx)

" (x)= ddx (x 2 cos x)+ 2 ddx (xsinx)

= f
= f"(x):xZi(cosx)+cosxi(xz)+2!; d (sinx)+sinxﬂ—|‘
dx dx L dx dx |
= £ (x)=—x 2 sin x + 2 x cos X + 2 [x cos x + sin x]
y 2 . :
= f'' (x)=—x"sinx+4xcos x + 2 sin x

Put x = 0 in equation (1), we get
£ (0)=(0)% cos 0 + 2x Oxsin 0 =0

Putx = _;Z in equation (2), we get

(=) (=Y (x) 2 (x) ()

f"\kE)\:— ‘k;) sinl k;)\wlx —2><COS| KE}\JrZSinl k;)
= f--|(f\|=—ﬁ+2

\2) 4
d’y
Example 37. If y=sin Ax + cos Ax, prove that d—2+A y=0.
X

Soln. Given that y =sin Ax + cos Ax

Differentiating with respect to x , we get
d y d
~dx =d x(sin Ax+cos Ax)

d
= _dxy:AcosAx—AsinAx

Again differentiating with respect to x , we get
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d (dy) i(AcosAx—AsinAx)

dx\dx ) dx
d’y a2 2
= i’ =—A"sin AX— A" cos Ax
42
=N d—Z:—Az(sinAx+cosAx)
X
2
dy 2
—=_—_A
= dx2 y
2
d
= _g+A2 y=0
dx
_ d”y d
Example 38. If y=e¢ Ax,prove that—dxg +Ad_i=0.

Soln. Given that y=g¢ **

Differentic?ting Witr(lj respect to x , we get
y _
dx =d x (e AX)

d d
= dxy=e_AXd x (-Ax)
d
- d Xy=_Ae—Ax
d vy
= dx =-Ay
Again differentiating with respect to x , we get
d? y dy
=—A
dx? dx
d
= 22y+A deZOdX
EXERCISE-II
1. Differentiate y =« X with respect to x .

2. Differentiate y = x 2 with respect to x .
3. Differentiatey =2 — x + 3 x 2 with respect to x .
4, Differentiate y =(x +3)(x —1) with respect to x .
5. Differentiate y = 2 log x —5sec x with respect to x .
2

6.  Differentiate y =X+ with respect to x .
7. Differentiate y = cos(x 2 1 x +1) with respect to x .
8. Differentiate y = sin 3 x with respect to x .
9. Differentiate y = cos (sin x) with respect to x .

10.  Differentiate y = log (tan x) with respect to x .
11.  Differentiate v=¢’"?
12.  Differentiate z =2

with respecttot.

2+ 9 with respect to's .
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13.
14.

15.

16.

17.

18.

19.

20.

21.

22.

23.
24,

25.

26.

27.

28.

29.

30.

10.

1

_ 2
24X 2. 2 X

Differentiate y = x 2 sin x with respect to x .
Differentiate y = cos x log x with respect to x .

Differentiate y = (3t ?)2"  with respect to t -9

Differentiate y = 109 (™) with respect to x .
X+1

Differentiate y = iﬂg_x with respect to x .
an x

x2+1

sin x
Differentiate y =1an 2x with respect to x.

e2x
Evaluate dY if x=2t’+land y=t".
dx

d
Evaluate ¢ Xy if x=log2tand y=2tant.

Differentiate y = with respect to x.

dy.
Evaluateﬁ ifx=sectand y=5" +7t-11.

Differentiate y = (cos x)* with respect to x .

COoS X

Differentiate y = x with respect to x .
|

| | |
Differentiate | x +/ x + .I x+ 1 X+ .. with respect to

COS X

Differentiate C0S X" with respect to x .
_ 2
If y=1log(sinx)+e>*, findd"y .
dx?
d? y
If y=x3.e_2X,findw at x=3.

If , find at

a. b. c.l d. 0
IFY =) gngu=x"+ L, then find

a. f(u).2x b, f(u)x® C.

ANSWERS

_5°7

2X+2 5. —y —bsec x tan x 6.

—(2 >i+1)Sin(X2 + X +1) 8. 3sin 2 X.COS X 9.

- 11. 10te™?2 12.
sin X cos X
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13. X2 COS X + 2 X Sin X 14. COSX _]og x.sin X 15.
X

2{(3t2-9)log 2 +61 }
16. (x+1) — x log (7x) 17, fanx—xlogx sec? x 1g, 2xsinx— (X2 +1)cos x

x (x +1)° ' X tan” x sin “ x
2(sec2 2X —tan 2x) 3 3 xX-— )
19. e2x 20. 4 tor4 2 21. 2tsect
t
0y 2100e5+7 23. (cosx)* (—xtanx + log (cos x))
sect . tan't
cosx( COS X \
24. X | — —logxsinx |
\ x
25. dx =(2y-1) wherey=x+ X+ X+ X+...
dy —yztanx
26. dx = (1-ylog(cosx)) where
27. —cosec’ x+25¢> % 28. 18" 29. ¢ 30.a

4.5 APPLICATIONS OF DIFFERENTIAL CALCULUS
(a) Derivative as Rate Measures:

Let y be a function of x, then % represents the rate of change of y with respect to x .

If Y >0 theny increases when x changes and if dY <0 theny decreases when x changes.
dx dx
Some Important Points to Remember:
(i) Usually t, s, vand aare used to represent time, displacement, velocity and
acceleration respectively.
_ds
dt

Also v

o o
<

2
a= :d_gzvd_
dt

t ds

o

S
(i) If the particle moves in the direction of s increasing, thenv= (¢ t>0and if the

S
particle moves in the direction of s decreasing, thenv= (¢ t<0.

(iii)If a = 0 then the particle is said to be moving with constant velocity and if a < 0 then
the particle is said to have retardation.

d
(iv)If —g*xy =0 theny is constant.

d
(v) Ify=f(x) beacurvethen ( Xy—'rs said to be the slope of the curve. It is also

represented by mi.e. slope=m=( x

189



(vi) If r is the radius, A isthe areaand C is the circumference of the circle then

A=7z|’2 &C=2rxr.
(vity Ifr is the radius, S is the surface area and V is the volume of the sphere then

4
S=drr? &V =3 pras

(viit) If r is the radius of base, h is the height, I is the slant length, S is the surface area
1

and V is the volume of the cone then S =zr | +7r 2 &V = 3xr %h.
(ix)If a is the length of side of a base, S is the surface area and V is the volume of the
cubethens=6a® &v=a>.
Examples Related to Rate Measure:

Example 39. If y=x 3 5x2_6x+7 and x increases at the rate of 3 units per minute, how
fast is the slope of the curve changes when x=2.

Sol. Lett represents the time.

Giventhat y=x>+5x2-6x+7 (1)
dx
and === 2
dt 3 @)
Let m be the slope of the curve.
d vy
m= dx
~  m=d (+5x%—6x+7) (used(l.l?)
d x (using (1)
= m =3x2+10x—6
Differentiating it with respect to t , we get
dm d )
d t=d t(3x*+10x-6)
dm d x
= d t=(6x+10) d t
-  dm_(6x+10).3 (used 21.2))
dt (using (2))
= dm_18x+30 ©)
dt
Put x =2in (3), we get
(dm

| =18(2)+30_3+30-66

\dt jx:Z
Hence the slope of given curve increases at the rate of 66 units per minute when

X=2.
Example 40. A particle is moving along a straight line such that the displacement s after
timet is given bys=2t2 +t+ 7. Find the velocity and acceleration at time t = 20 .
Sol. Letv be the velocity and a be the acceleration of the particle at time t .
Given that the displacement of the particle iss=2t2+t+7
Differentiating it with respect to t , we get
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% d—(th +t+7)

~dt
= v=4t+l (1)
Again differentiating with respect to t , we get
dv-d (4t+1)
dt dt
= a=4 2

Putt=20in (1) and (2), we get
[V]t=20 =4 (20)+1=81& [a];- 5 =4
Hence velocity of the particle is 81 and acceleration is 4 when t = 20 .
Example 41. Find the rate of change of the area of the circle with respect to its radius r
whenr=4cm..
Sol. Giventhat r be the radius of the circle.
Let A be the area of the circle.

A=rxr
d 2
= gr=gr ()
= d—A=27rr
' (1)
Putr=4 in (1), we get
(dA)

=27x4 =81

| — |

|

Ku I }r:4
Hence the rate of change of area of the circle is 8 zcm 2 /. sec

Example 42. Find the rate of change of the surface area of a ball with respect to its radius
r.
Sol. Giventhat r isthe radius of the ball.

Let S be the surface area of the ball.
2

S=4rr
d S d

= trdh )
d S

= d r=4zx2r=8xr

which is the required rate of change of the surface area of a ball with respect to

its radius r .
Example 43. The radius of an air bubble increases at the rate of 2 cm / sec . At what rate is

the volume of the bubble increases when the radius is 5 cm ?
Sol. Let r be theradius, V be the volume of the bubble and t represents time.

So, by given statement 9¥ = 2 cm / sec
dt

1)

and V=drr?®
3
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dV_d (4 ;)

- By /4 G
3v gtKS )dr dr
= = gax3r2x__=47xr2 __
dt 3dtdt
— 4V _ggr? )
dt
Putr=5in (2), we get
(
| oy ‘I =8 zx(5)° =200
kdt )r:s

Hence, volume of the bubble increases at the rate of 200 zcm ® /sec .
Example 44. Find the rate of change of the volume of the cone with respect to the radius of

its base.
Sol. Let r be the radius of the base, h be the height and V be the volume of the cone.

1
V= 37rr2h
= ﬂ_d_(& rzh\‘
dr dr\3 )
dVv 1 2
= d r= 37hx2r= 3 zrh.

Example 45. Find the rate of change of the surface area of the cone with respect to the

radius of its base.
Sol.  Let r be the radius of the base, I be the slant length and S be the surface area of the

cone.
S=xrl +7rr 2

d S
= d r=d r(;rrl+7rr )
d S

= d r=rl+zx2r

dS
= d r=rl+2xr
Example 46. Sand is pouring from a pipe at the rate 10 cc / sec . The falling sand forms a

cone on the ground in such a way that the height of the cone is always one-fifth of the
radius of the base. How fast the height of the sand cone increases when the height is

6cm?
Sol. Let r be the radius of the base, h be the height and vV be the volume of the cone at
the time t .
So, by given statementh =1 1)
5
and v=_1zr?h
3
- V=17z(5n)’h=25 zh° (used(using(15.(11) )))
3 3
o AV_d(25 0 2530200 _g5,p 2N )
dt dtl3 ) 3 dt dt
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L4V

Also, by given statemen n =10 cc / sec
From (2) and (3), we get
2dh
257zh dt_lo
N dh_ 10 _ 2
t 257zh% 57h?

When h=6cm,  dt=57(6)*=90 7

©)

1

Hence, the rate of increase of height of the sand cone is 90 z cm/sec ,whenh=6cm.
Example 47. The length of edges of a cube increases at the rate of 2 cm / sec . At what rate is
the volume of the cube increases when the edge length is 1cm ?
Sol. Let a be the length of edge and V be the volume of the cube at time t .

So, by given statement 92 -2 cm / sec

dt
(1)
and V=a®
d d , ,
= dt=d t(@%)
dv_, 2da
= at % dt
= d—\t/=6a2
Puta=1in (2), we get
|| =) =6

\dt )a:l

(using (1))

()

Hence, volume of the cube increases at the rate of 6 cm 3/ sec .

(b) Maxima and Minima
Maximum Value of a Function & Point of Maxima: Let

f (x) be a function defined on f

domain D R . Let a be any point of domain D . We say that if (x) has maximum value at a

f (x)< f (a) for all xeD and a is called the point of maxima.

e.g.Let f(x)=—x% +5 forall xeR

Now x2>0 for all xeR
“x%<0 forall xeR
~x%45<5 forall xeR

i.e. f(x) <5 forall xeR

Hence 5 is the maximum value of f (x) which is attained at

point of maxima.
Minimum Value of a Function & Point of Minima: Let

domain D cR. Leta be any point of domain D . We say that

if f(x)>f() forall xeDanda is called the point of minima.
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e.g. Let f(x)=x2 +8 forall xeR
2

Now X“>0 forall xeR
x248>8 forall xeR
le. f(x) >8 forall xeR

Hence 8 is the minimum value of  f(x) which is attained at x=0. Therefore, x =0 is the
point of minima.

Note: We can also attain points of maxima and minima and their corresponding maximum
and minimum value of a given function by differential calculus too.

Working Rule to find points of maxima or minima or inflexion by Differential Calculus:
Step Working Procedure

No.
% Puty =f (x)
_.d
Find
dx
3 d y .
Put dx =0 andsolve it forx.
Letxy ,x2 ..., x, are the values of x .
4 d
Find 2 2y
5 dx
Put the values of x in d 2)/.Supposex=xi be any value of x .
dx2
2 . . . ) i
If 4° Y <0 at x=x; then x=x is the point of maxima and f ( x; ) is the maximum value
dx?
of f (x) .
42
If }2'>0 at x=x then x=x; isthe point of minimaand f(x;) is minimum value

dx
of f(x).

Ifd2y=0at x =¥ . Find d3y. If d3y¢0 atx=x; thenx=x; is the point of inflexion.
2 ~ 3 .3
dx dx dx

Examples of Maxima and Minima:

Example 48. Find all the points of maxima and minima and the corresponding maximum
and minimum values of the function f (x)=x > -12x % +5.

Sol. Let y=f(x)=x"-12x°+5
Differentiating it with respect to x , we get

d_y: ~ (®-12x%+5)

dx dx

Again differentiating with respect to x , we get

i’y d
- = 2
OIX2:dx(ax - 24%)
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d2y=6x—24

dx?
Put dY =0, we get
dx
3x%-24x=0
3x (x -8)=0
Either x=0 or x-8=0
_ Either x=0 or x=8
ie.
When x=0:
(d“y)
—= | =(6x-24)y_q=-24<0
Ldx  k=o
which shows that x =0 is a point of maxima.
So maximum value of f(x)=x>-12x2 +5 is

(x=0 =(X3 ~12%° +5)X -0=5

When x =8 :
(d 2 y\
——, | =(6x-24),_g=6(8)-24=24>0
Ldx )x:s

which shows that x =8 is a point of minima.
So minimum value of f(x)=x%-12x2 +5 is
(x5 =(x* ~12 X +5), 5 =8 ~12 (8)* +5
=512 -768 +5 =—- 251
Example 49. Find all the points of maxima and minima and the corresponding maximum

and minimum values of the function f (x)=s in x + cos x where 0 < x < %

Sol. Let y = f (x) =sin x + cos x
Differen(tjiating it with respect to x , we get
y

= (sin x + cos x)

EW dx

d X = cos X —sin x
Again differentiating with respect to x , we get
2
d y_d (cosx—sinx)
dx® dx
42
—Zz—sinx—cosx
dx
put 8Y _0, we get
dx
cos x —sin x =0
COS X = Sin X

cos X =1
sinx
cotx =1
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cotx=cot X as0<x<Z
4 2

X:E
4
When x=7:
4
d* :
l(_zy\l? =(—SInX—COSX)X:Z :7sin_ﬂfcos z
\dX }x:f 4 4 4
. 1.1-_2 <0
2 2 2

which shows that x = %is a point of maxima.

So maximum value of f(x)=sin x +cos x is

(Y)x="4 =(sinx+cos X)x - =

T 4
=sin~ 4 +cos 4
1 1 Z
= =+ =
2 2 2

Example 50. Find two positive numbers x & y such that x . y =16 and the sum x +y is
minimum. Also find the minimum value of sum.
Sol. Giventhat x.y=16 =>y= 16
X
Let S=x+Yy =S=Xx+ %
Differentiating it with respect to x , we get
ds d{ 16)

—_— — X+ — |

dx dx\U x)J

ds (1) 16
—_— =1 +16|-— | =1- —
d x U x2 ) xe

Again differentiating with respect to x , we get
d“s d( 16)

dx®  dx\ x:)
d“s I( 2\‘ 32
_= 0-16|- — [=—
dX2 k X3) 3
Put 4S=0 , we get
d
X 16
1-~ =0
X2
2
X ~16 =
0
XZ
x2-16=0

Either x=4 or x=-4
x=—4is rejected as x is positive.
When x =4
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(d%s)  (32) 32 32 1
™=z 4 731 -= -
Ldx k=4 \x h=a 4 64 2
which shows that x = 4 is a point of minima.
Now at x =4, value of y is :
(16) 16
(W=t =|—| =—=4
\X)x:4 4
Also mir&i um value of sumS=x+y s
S =(x+y =4+4=8

x=4,y=4 x=4,y=4
Example 51. Find the dimensions of the rectangle of given area 169 sq. cm. whose
perimeter is least. Also find its perimeter.

3 >0

Sol. Let the sides of the rectangle be and , A be the area and P be the perimeter.
A =xy=169 sg.c. m. =>y= %
And PZZ(X+V) = P:2\>C+ @\I:ZXJr g
X ) X

Differentiating it with respect to x, We get

dP d [ 338)

— = 2x+ —|

dx dxU  xJ

dP (1) 338

—_— =2+338|- — =2 - ——

dx L x2) X2
Again, differentiating with respect to x, we get

d“P d [ 338)

— e 2|

dx?  dxU %)

d“ P ([ 2) 676
— :0—338\7—3 |=
dx \ X ) X3
Put AP -0, we get
dx
2- 388 -p
Z
'X
2x%-338 0
-
2x%-338=0
x2 =169
Either x=13 or Xx=-13
x =-13is rejected as x can“t be negative.
When x =13 :
(d° P (676 676 4

7| =7 3 | =~ 3 =0
L dx =iz Ux ks (13) 13
which shows that x =13 is a point of minima.
Therefore, Perimeter is least at x =13 .

Now at x =13, value of y is :
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\ X J)x-13 13
Also least value of perimeter P =2 (x +y) is
(P)x =13,y <13 = (2 X +2y)x _13,y 13 = 26 + 26 =52 cCM..

Example 52. Show that among all the rectangles of a given perimeter, the square has the
maximum area.
Sol. Let the sides of the rectangle are xand y, A be the area and P be the given

perimeter.
P=2(x+y) =P=2x+2y —y= P-2X_P _«
2 2
and
A=xy=PX_x?

2
Differentiating it with respect to x, we get

dA_ d (Px zi

d x dx\ 2 )
dA_P_2x
dx 2

Again differentiating with respect to x , we get
d“A d (P )

——|— -2x |

dx dx\2 )

dPA_g 5oy

dx?
Put dA -0, we get
dx
P
2-2x=0

P
x= 4

Whenx= 4:
(d%A)
i
l\dx ZJX:E
‘P
which shows that x = is a point of maxima.

4

=-2<0

P

Therefore, Area is maximum at x = 4 .

Nowatx="4, value ofyis:

) P P P
e
4

P :
= x=y= ¢4 givesthe maximum area.



Hence, among all the rectangles of a given perimeter, the square has the maximum

area.
Example 53. Find all the points of maxima and s minima and the corresponding maximum
and minimum values of the function f ()=x"+1.
Sol. Let y=f(x)=x+1
Differentiating it with respect to x , we get
dy d ,,
RS ()
dx dx
Again, differentiating with respect to x , we get
iy d
2
= 3X
2= gy )
d’y=6x
dx?
d vy
Put d x =0, weget
3x2=0
= x=0
Whenx=0:
(d%y)
| —— ., =(6x)x=0=6x0=0
 dx )x:O
To check maxima or minima, we need to find third order derivative of y with respect
tox.
3
so, LY_d (6y)
%x dx
= 3¥ =6
0dx>
which shows that x = 0 is neither a point of maxima nor a point of minima, hence the
given function has neither maximum value nor minimum value.
EXERCISE-III
1. If y=5-3x 2+ 2x> and x decreases at the rate of 6 units per seconds, how fast is the
slope of the curve changes when x =7 .
2. If a particle is moving in a straight line such that the displacement s after time t is
1
given by s= 2 vt, where v be the velocity of the particle. Prove that the acceleration
a of the particle is constant.
3. The radius of the circle increases at the rate 0.4 cm / sec . What is the increase of its
circumference.
4. Find the rate of change per second of the volume of a ball with respect to its radius
rwhenr=6cm.
5. Find the rate of change per minute of the surface area of a ball with respect to its

radius r when r=9m .
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Find the rate of change of the volume of the cone with respect to its height.
Find all the points of maxima and minima and the corresponding maximum and

minimum values of the function f (x)=6x>-27x°+36x+6.
8. Find all the points of maxima and minima and the corresponding maximum and
minimum values of the function f (x)=—-2x> + 6 x” +18 x 1 .
9. Find all the points of maxima and minima and the corresponding maximum and
log x
f(x)= x if0<x<oo'
10.  The maximum value of the function ¥ == x" + 1 over the interval [-2,1]
b. 9 b.0 c.2 d. 10

11. Find the length (') and breadth (?) of a rectangle with perimeter 12 such that it has
maximum area.

~No

minimum values of the function

a. 33 b. 2,4 c.34 d.5,2
ANSWERS
1. -468 3. 0.8zcm/sec 4. 144 7rcm S/ sec
5.72ﬂm2/mm 0. %ﬁrz

7. x =1is a point of maxima and maximum value of function is 21, x = 2 is a point of minima
and minimum value of function is 18.

8. x=-11is a point of minima minimum value of function is -11, x =3 is a point of maxima
and maximum value of function is 53.

1

9. x =e is a point of maxima and maximum value of functionis g.
10.b 11.a



UNIT -5
INTEGRAL CALCULUS

Learning Objectives
e To learn the concept of integration and its geometrical meaning.
e To learn various formulae to evaluate the integrals.

e To learn about definite integral and its application to calculate the area under the
curves.

5.1 INTEGRATION - Reverse operation of differentiation

Integration is the reverse process of differentiation. In the previous chapter, we have
studied differentiation as the study of small change in one variable with respect to small
change in other. In the same manner, integration is the study of a function as a whole when
small changes are given. For example

if dA shows small change in area, then J dA is the area as a whole.

dg(x
If f(xX) and g(x) are two functions such that J dx =f (X) , then I f (X)dx = g(x) + c i.e.
g(x) is integral of f(x) with respect to x and c is constant of integration.

The function to be integrated is called integrand and put in between the sign J- dx .

Main Rule of Integration: We can integrate a function if it is in single form
(variables/functions are not in product or quotient form) otherwise we will have to use

various different methods to convert it in single form and then integrate.
5.2 SIMPLE STANDARD INTEGRAL

(a)Integral of algebraic functions:

,[ 0 dx = constantt

Ildx=x+c

Xn+1
I x"dx=p 41 + ¢, n=-1n, is any real number (* ¥~ 1)

1
I_de=logx+c
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Some Results of Integration
d
l. ax ,[(f (x)dx) =f (x)
. j kf (x) dx =k ,[ f (x)dx where K is any constant.
I1. I(f (x)ig(x))dx=jf(x) dxijg(x) dx

V. ,[ kdx =kx +c¢ where K is any constant and ¢ constant of integration

Example 1. Evaluate (i) fx3dx (ii) .[ xax (i) .[ _Lldx (iv) _[2dx

X
(v) I(2x2+3x+5)dx (vi)f (x 3= 5x + L)dx
X
) 4
Sol:(l)I x3dx=X_+¢ (iv) Ide=2x+c
4
(i) J xdx =Xz +¢ (v) J(2x2+3x+5)dx:2x_3+3x_2+5x+c
3 3 2
2
1
1 1 X X
(iv) J _idx:£+c (vi) ,[(X3—5x+ Ydx=" % -5 2 +logx+c
X 1 X 42
2

iy | x*+1 4 i) | x*-x+3 gy

Example 2. Evaluate (i) I (x +1)x 2 dx X N

i) [ x+_L)dx

Sol () | (e )x2ax=] 2 +x2)dx =X + X4 ¢

4 3
x 241 (1) X

(i) dx = [* 4+ —x= —+logx +C
J. X .[ x) 2

3 3
(iif) J X*ox+34x-] (x?-1+3)dx =X _x+logx+c
X X 3
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1
V'

X 3/2x12
yax—= — -
3/2

+C
1/2

EXERCISE-I

) [

Integrate the following functions with respect to x

1. Evaluate
y ! 1
i. jx4dx ii.I X4 dX iii.j X° dx iv._[ X34 dx
2. ,[(3x-x+4-x+5)dx
3 I( x+_1)%dx
X
X3+ 5x 2+ 4x +1
[ 1)
5. [ X+ m—|dX
[0 %
Ja+m2
6. X dx
7. ] e -2) ax
X
ANSWERS
5 9 -4 i 1
1.3 X +¢c (i) 4x3+C (iiiy X_+¢C (iv)4x 7 +c¢
5 9 -4
5 3 2
2. 8X7+8X7+5x+¢C 3. X_+logx+2x+c
53 2
4 x> +5x+4logx—1+c 5. x'— 1 +3x°+3logx+c
2 X 4 %% 2
1 5 3 5 3 1
6.2x 1T 2xZ+4x2+C 7. 2xZT—2X7-4Xz7+C
5 3 5 3
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(b) Integrals of the type (ax + b)n

)n +1

+-1, (ax+b _
When_[" (ax+b)" dx="(n11)a +C n#-1,nisany real number
When ’ j 1 gx=log@x+b) ;¢
ax+b a
Example 3. Evaluate (i) J (1-3x) ° x dx (ii) | 2x+30x

(iii)_[ 1 dx (iv).[ 1 dx

3+ 2X (5+3x)

Sol : (i) _[ (1—3x)5dx=w+c:(1‘_3x)6+c
6( - 3) ~18

() | 2x+3dx=@+3)¥? yo—@x+3¥? 4¢

323
2
(iii)
1 G+3) 77 (5+3%)
(iv) J.(5+3x)3dx:J‘(5+3x)_3dx: -2x3 +c= -6 +¢

EXERCISE-II

Integrate the following functions with respect to x

1 j x3—x+3dx
X+1

2, j /3-2x dx
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3. [ (5+3% 7 dx

4. I(5x+3)4dx

1
1-4x

dx

1
6. I 2X+5+ 2x-54dx

7. ] xPesxe2gy

X+ 2
8. |( 1 + . dx\‘
I\Z—3x xX-2 )

9. [ /31 2x+ (3x—5) *dx

10. f x+4 dx

ANSWERS
x* X (3 -2x)¥? 5+3x)°
1. _ —_ +3log(x+1)+c 2. +c 3. +c
3 2 —3 —24
(5% + 3)° (1-4x)!? 1 32 32
4, 5+ C 5._—2+c 6. %[(2X+5) -(2x-5)""]+¢c
X2 log(2 — 3x) . 2(3x - 2)?
7. X1 3x—4log(x +2) + ¢ g, 1092—3x) , te
2 3 3
B+2x)¥? @3x-5)° 2(x +4)¥2
9. 3 + 15 +¢C 10. 3 -10(x+ 4)1/2 +cC

(c) More formulae of integrals of the following type:

1 1 X

1..[ X2+a2dx:atan_la+c
-1 1 X

2..[ x’+aldx=acot Ta+c
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1 —
3..[ ﬁdx:log|x+ x2+a2|+c

1 —
4.I sz—?dx:log|x+ x2—a2|+c

1 X

—_ 12
S.I 222 UX=sin "+

J- -1 _1X
6. 22y 2 dx = cos ate
1 1 x-a

7..[ xz—azdx=2alogx+a+c

1 1 a+ X
8. J.az— x20x=2g log 9 —x +¢C

I; 1 4%
9. ) xi_grdx=7sec T +cC
j—_l 1 41X
10. N mdx=acosec 2t e
dx dx dx
Example 4. Evaluate(i)_[ x2+9 (ii).[ 2x2+9 (iii)J- 1-3x2
dx dx dx
(iv) | axZi16 (v)f x%-25 (vi) f ox 216
dx dx
sol : (i) xTr9-] X552
dx 1 X
Using formula .[ x’+a? —atnta +c
Herea=3
dx 1 X
So ,[ x?2+3 =3tan '3 4+ ¢
dx 1 dx 1 dx 1 dx

(ii) | 2755-2] wovs-2] W29 =2

. (3
) 2 )




dx 1 X

Using formula,[x 2va’=atna +c

a=—>_
2
J
1 dx i 1 4 ox ]
- 7 =—| =tan = |+c
2, ( 3) 2L3/2 3/ 2]
X 4| —
L 2)
=1 tan 12X ¢
3 2 3
(iii) I dx =J dx =J dx
1-9x 2 (1-9x2) 1_x2
| 0
\ 9) 9
1 _dx 1
= SJ. (1\2 ) Here a = 3
| =1 =X
\ 3 )
_ dx X
Usmgformulaj ﬁzzsm g+c
1 .[dx 1[sin *x 1[sin_413x]+c
3 Ty -3 I7l+c=3
= -x
L 3)
_ jdx :jdx
(iv) 4x2 116 |( 4x2 +16 X| )
\ 4)
J-dX ];j dx
T2 X244 72 X142 ?
Here a = 2. Using formula_[ dx x2+az| +C
Xrar = loglx
dx 1

1
2] x2+2% = 2[log|x+ x*+2% [l+c

dx dx
(V) .[ X2_25:I X>—5 2
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dx r—
Usingformula,[ ‘m:log|x+ xz—a2|+c

dx
—log | x +¥x? =52 |+c
T gl x+v |

x2—52
dx dx 1 dx
(vi) f9x‘-16=f 9x‘—16x9=§f x? - 16
9 9
Lo _ X 4
QI 2 (4\| .Herea= 3
X 4 =
\3)

dx 1 X—a

Using formuIaI x‘-al= 2alogx+a+c

[ 4 ]
1 dx 1I 1 I X—3 I
—[ ————— == 0g +C
9J 1, (4) 92x4 “x+4 |
X - T L 3 3]
\3)
= Hilog 3X_41‘+c
918 3x+4]
= Liggx-4.¢
24  3x+4
EXERCISE-II
1. Integrate the following integral with respect to x.
W) ) h=s N a3
dx dx dx
(iv) | 25716 ) | X729 viy] 2+9%

X2

2. Evaluate I 1+%° dx
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X+2
3. Integrate with respect to x.
X +1
4. Integrate| 1 + 12 + 5 | with respect to x.
L 14x d-x?2 ¥x?%-1)
ANSWERS
1. (i) sin -1 X + C (i) l sec -1 X + C (i) 1 log | x
3 5 5 4

(iv) _Llogox-4+¢

v) Ltan ‘X +c

(vi) Ltan ' 3X + ¢

40 5x+4 7 7 6 2
_ 5 3
2. X —tan 1x+c 3. X X ix+tan Tx+c
5 3
4. x+tan " x—2sin "t x+5sec Tx+c
(c) Integrals of the Exponential functions
An exponential function is of the form (constant)va“able, e e
N _am™
(i) a " dX=(joga)m *+ ¢
(ii) fem%mzem+c
m
a
Example 5. Evaluate (i) I 3% dx (ii) f by dx
a* +b 23
(iii) f a’b  dx (iv) f e dx
sol: (i) | 3¥ax=_ 3 +¢
(log 3).1
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X

a,b

3x

etc.



aX (a)* (a/b)*

. | _ | dX—
" I I \b) log(a / b)

+C

a‘+b” (2% b))
(iii) deX= | =5+ % o
ab Mab ab )
(1 1)
= ¢l <+ x
[t a)

:f (b™* +a)dx

b—x a—x
= (log b)(-1) + (loga)(-1) +c¢

23xbx (2 b ( 8b )"

i = | dx= .| —]| d
w == I R

EXERCISE -1V

1. Evaluate ] @2 +b2)dx.

X + x72
2. Integrate with respect to
x.a* b
3. Integrate |\ p x —a x |/ With respect to x.
4. Evaluatej(xa +eX +e?)dx.
X X
5. Integrate 2 +3 with respect to x.

ANSWERS
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(a)* (b)Y

2x 2X |_| |_|

1. & 4 b ¢ 2.b ) 4 \a) 4 ox+c
(loga)2 (log b)2 a b
logh loga
3.-_b>x 4y _a* 4¢ 4. X1 4@ +elx+c
(log b) (loga) a+l 1
(2 (3Y
=1 = |
s\5) 15,
log2 log 3
5 5

(d) Integral of Trigonometric Functions

1. Isinxdx:—cosx+c

2. ,[cosxdx:sinx+c
3.Itanxdx:logsecx+c or —log cos x + ¢
4, .[ cosec xdx=1log|cosecx—cotx|+c

5. ,[secxdx:log|secx+tanx|+c

6. fcotxdx=|ogsinx+c or —log cosec x + ¢
7. Iseczxdx:tanx+c

8. Icoseczxdx:—cotx+c

9. jsecxtanxdx:secx+c

10. jcosecxcotxdx:—cosecx+c

Example 6. Evaluate : (i) I tan 2 x dx (i) I cot 2 x dx
2 + 3c0S X
(iii) J sin 3x cos 2x dx (iv) | SinZx
.[ 1 _ J‘ dx
(V) 1 +sin x dx (vi) 1-cosx
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Sol : (i) Itanzxdx:J(seczx—1)dx:Jseczxdx—Idx

=tanXx—-X+¢cC
(i) Jocot?xdx=] (cosec?x—1)dx

= ,[coseczxdx—fdx=—cotx—x+c

1
(iii) Isin 3x cos 2xdx = 2 _[ 2 sin 3x c0os 2xdx

Using formula 2 sin A cos B = sin (A + B) + sin (A — B)

1
= 2 j [sin(3x + 2x) + sin(3x —2x)]dx

1
= 2 j (sin 5x +sin x)dx
=1[| —cos5x _sinx 1|4+ ¢
2|51 |
2 + 3C0S X
(iv) f sin?x  dx
2 3C0s X

jsinzxdx+jsin2xdx
_ 2
—ZJ.cosec xdx+3,fcotxcosecxdx

=-2cotx—3cosecx+c

V) dx

I1+sinx
J dx 1-sinx
=J 14sin X1 =sinx

1-sinx
_I — 2 2
=) 1-sin“xdx as(a—-b)a+b)=a-b
1-sinx
=I coszx dx
1 sin X

j coszxdx—j c0s 2 X dx
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= J.seczxdx—jtanxsecxdx

=tanx—secx+¢

dx
(Vi) J 1-cos X

_I 1 1+c0sX gy
1-cosx 1+ cosXx

:j1+cosxdx
1-cos?x

_ 1+cosx
j sin 2 x dx
1 COS X

jsinzxdx+j sin % x dx
:J. cos ec 2x dx+Icotxcos ecx dx

= —COt X —cosec X +C

EXERCISE-V
1. Find the value of the integral IS e,
a. C.
b. d.
2. The value of IS e,
a. b. C.
5 6

3. Evaluate,[(Bsinx—4cosx+cos 2X —Sin 2 X +secx)dx.

4. Evaluate I (sec 2 X + cos ec 2 X)dx .

5coszx+65in2x
5. Evaluate I 2 sin % x cos > x dx .

6. Evaluate .[ (tan x + cot x) 2 dx .
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7. Evaluate dx .
J‘ﬁ ¥ CoS X

8. Evaluate dx .
— sinXx

9. Evaluate I 2 c0s 3x cos X dx .

10. Evaluate I sin 5x sin 2x dx .

J‘ sin X
11. Evaluate J 7 gj xdX -

12. Evaluate .[ _ SECX .
sec X + tan x

ANSWERS

1. (a) 2. (3)

3.-3cosx—4sinx+5tanx +6cotx +log|sec x +tan x |+ ¢C

4. tanx—cotx +c 5. —dcotx+3tanx+c
2
6. tanx —cotx +c¢ 7.—cotx +cosec X +c
8. tan X +SecC X + C 9, sindx  sin2x ;¢
4 2

1[ sin7x  sin 3x |
10, —| - + | +c 11. X—tanx+secx+c

2l 7 3 |

12. tanx—secx +c¢

There are various methods to convert the product/quotient of functions into a single function
like Multiple/divide/splitting/Use of formulae. If a given function can“t be integrated by the
methods explained till now :-

(1) Integration by parts
(2) Substitution method
(3) Method of partial fraction

Integration by Parts Method
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If f(x) and g(x) are two functions of x then

J £ ) g0dx = £ () [ g) dx - | {d_f 00 >}
dx

Here in above formula f(x) is chosen as first function and g(x) is chosen as second function.
Note : Selection of | function and Il function in accordance with function which comes first

in the word “ILATE”.

where | = Inverse functions
L = Logarithmic functions
A = Algebraic functions
T = Trigonometric functions

E = Exponential functions

Example 7.Evaluate (i) I X sin x dx (i) Ix tan 2 x dx (iii) I log x dx

sol = (i) I xsinxax=x] sinxax—J [9 x| o]
L dx

= X(—cos X) — ,[ 1{-cos x}dx

:—xcosx+jcosxdx

=-XCoSX+sinx+c
(i) than 2 xdx:jx(sec 2 x —1)dx

:steczxdx—fxdx

2
:XJSGC 2X dX_J. ﬁ[d_XJ‘ sec 2 xdxldx— X—
L dx 2
J- 2
=xtanx—J {1tan x}dx - X_
2
=xtanx—j tan x dx — X2
2
X,
=xtanx —logsecx = “+
c2
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(iii) _[ log x dx = _[ (Llog x)dx

= jxo log x dx
:Iong XOdX—J‘ Iilong’xo dj}dx
L dx
(1)
= (log x)x—f | x |dx
\x J
= (log x)x—,[ldx
= (log x)x —x +c
Example 8. Evaluate (i) J x 2 ¢os X dx (ii) I x%eXdx.

Sol : (i)jx Zcosxdx=x2jcosxdx—j fd_x ZJ‘cosxdme
L dx J

= x 2 sin x—,[ 2{x sin x}dx

:xzsinx—zjxsinxdx
Again by parts method

i [ [d 1]
- sSinx-2. sinxdx [ 4 —x ot |
L] J

 dx J ]

x?sinx -2 || x(-cosx) —_[ {1x —cosxjdx ||

X2 sinx — 2 ||_—xcosx+,[cosxdx |

xzsinx+2xcosx—25inx+c

iy ), ardcexe ax-JTd e )
L dx J

X2€x —j{erx}dx

x2eX —ZJ.xeX dx

Again by parts method
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[EEN

-~

2 x_ol  x I
SR =2 e UX = e e
L I I | dx J ]

= x2 ¥ —2|—||_xeX —I(lex)dx—|u

2

=x“e*-2xe*+e*+¢c

EXERCISE -VI
: Ixcosxdx 2. J.Iog(x +1)dx
.Ixexdx 4.J x 2 log x dx
.Ixcotzxdx 6..[x20032xdx
.Ixze_xdx 8.
ANSWERS
.Xsinx+cosx+c 2.xlog(x+1)—x+log(x+1)+c
X X X3 1 3
Xe—e +¢ 4, 3logx-gx +c
2 2 .
.—xcotx+logsinx-X_ +¢ 6. X_sin 2x +X cos 2x —SIN2X 1 ¢
2 2 2 4

c—x%e X —2xe ¥ -2 +4c 8 —xcotx+logsinx+c

5.3EVALUATION OF DEFINITE INTEGRALS

Introduction

If f(x) is a continuous function defined on closed interval [a, b] and F(x) is the integral
of f(x) i.e.

_[ f (x) dx = F(X)

then definite integral of f(x) in closed interval [a, b] is
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2 19 38
= 3[27—8]:2X 3: 3

I'x

(V) 2 1dx =[log x]jz log 2 — logl =log 2 as (log 1 =0)

1

2

OFy

0ol-Xx

dx
2 (i) j11+x = [tan lx]loztan‘ll—tan‘lo

oon T )
=tan itan” —tan itanO= |~ -0 |
a4 )4
2 dx
(ii) == = [sec , X]
Il)t*'xz—l P

-1 -1
=sec 2-sec 1
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3 I -1
=sec sec 33-sec “secO

T n
=73-0="3

EXERCISE -VII

1. Find the value of the integral

a. b. C. d. 2
2. Evaluate the integral
a. b. C. d.
3. Evaluate : (i) Pd_X (i) F xdx (iii) J_dx
s X 5 . 143X
(iv) j (x 2 +1)dx (v) [ e ™dx (vi) ™" cos x dx
(Vll)J T3k (viii) .[ X773 (Ix) Itan xdx
ANSWERS
1.(c) 2.(a)
3 1 7 22 _
3. (i) log 5 (ino (iii) 3log7z (iv) 73 (v) —e
(vi) 75 (vii) -Iog— (viii)% (ix)log 2.

Integral of the type when limitisOto &
2

"J/Zsin "xdx or “J’Z cos"xdx or “j” sin" x cos " x dx
0 0 0

where n, m are natural numbers, we have
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(i)

(i)
(iii) "
. n (n—1)(n—3)...(m - 1)(m -3)...
Osm x cos " x dx = (n+m)(n+m-2)(n+m-14)...

Note : Above formulae are called ‘Reduction Formulae’

Example 11. Evaluate (i) * J”sm X dx (i) “JW cos * x dx
0

12 () _[ sin°xdx=_4x2 - 8

0 5x 3x1 15
(ii) nf/2cos4xdx:3x1x£=3_
4x2 2 16

Here n = 4(even)

(iii) ”J’ZSiHSXCOSZXdX: 2x1 _ 2
0 5x3x1 15

EXERCISE-VIII

Evaluate the integral :

1. ﬂj/z sin ® x dx 2.HJ’2 cos ° x dx
0 0

3 ﬂf/z sin * x dx 4. ﬂjfz cos ° x dx

o
o

5.7J2 cos  x sin * x dx 6.4’20056xsin4xdx
0 0
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(i) * j 2 sin 3 x cos 2 x dx



ﬂj/zsin 3x cos ° x dx

7. Evaluate | = =2
nj/z cos * x dx
0
ANSWERS
B o 8 330 428 5 2
256 15 16 32 35
3n 2
6. 512 7. 91

5.4 APPLICATIONS OF INTEGRATION

There are many applications that requires integration techniques like Area under the

curve, volumes of solid generated by revolving the curve about axes, velocity, acceleration,

displacement, work done, average value of function. But in this chapter, we will be taking a

look at couple of applications of integrals.

Q) If y = f(x) is any function of x, then
Area under the curve is XI:b y dx
(i) If v = f(t) is velocity of particle at time t then,

=ty

t
Displacement S = I v dt

t=t1

Example 12. Find the area under the curvey =1 + 2x3, when 0 <x <2.

3
Sol : Given y=1+2x, a=0, b=2.
Area:Ibydx: 1+ 2x 3)dx
a 0

[ X4—|2

= |* + — | =(2+8)—-(0+0)=10 units

L 21y

Example 13. Find area under the curve of y =sin x, when 0 <x <™ 9.
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Sol : Equation of curvey =sinx, a=0, b= %

_1b i I
Area-_[ ydx= _[ sinxdx=[—COSX]0n/2
a 0

Iy
=[-cos 2]-[-cos 0]

=[-0] +1=1 Square units

EXERCISE-IX
1. Find the area under the curve y = 4x2, when 0 < x < 3.
1
2. Find the area under the curve y =y, when 2 <x <4,
T
3. Find the area under the curve y = cos X, when 0 <x, 4.
4, Find the area under the curve y = ezx, when 0 <x <1.
5. Find area under the curve Yy =-/2x + 3, when 3 <x < 11.
ANSWERS
1. 36 2.log 2 3 1 487t 5 %
2 2 3

5.5NUMERICAL INTEGRATION OR APPROXIMATE INTEGRATION

Numerical integration is an approximate solution to a definite integral ,[b f(x)dx. In

a

this chapter we are taking two methods to find approximate value of definite integral, I b (x)

dx as area under the curve whena<x <h.
a Y r

f(x)
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Q) Trapezoidal Rule
(i) Simpson“s Rule

(i) Trapezoidal Rule : If y = f(x) be the equation of curve, then approximate area under the

curvey = f(x), whena<x<bis

Jb ydx=h [(first ordinate + last ordinate) + 2 (sum of remaining ordinates)]
2

a
_b-a o
Here h=—— a — lower limit of x
n
b — upper limit of x
n — Number of integrals

* Ordinates are always one more than the number of intervals.

In mathematics, and more specifically in Number analysis, the trapezoidal rule (also
known as trapezoid rule or trapezium rule) is a technique, for approximating the definite

integral jb f (x) dx. The trapezoidal rule works by approximating the region under the
graph

of function f(x) as a trapezoid and calculating its area.

Example 14. Find the approximate area under the curve using trapezoidal rule, determined
by the data given below

x 0 1 2 3 4 5
y 0 25 3 45 5 75

Sol : Here equation of curve not given so let y = f(x)
Lower limitof X, i.e.a=0
Upper limitof x ,i.e.b=5
Gap between values of x i.e. h=1
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Number of ordinates in table are = 6

So by trapezoidal Rule

fsde=2[(Y1+y6)+2(Y2+V3+Y4+Y5)]
0

y1=0,y=2.5 y3=3, y4=45, y3=5, yg=7.5

1
= 2[0+75)+2(25+3+4545)]

= 2 [7.5+ 30] =18.75 square units

Example 15. Using trapezoidal rule, evaluate 2,['5 (1 + x) dx by taking six ordinates.
0

Sol:Giveny=1+x,a=0,b=25

as ordinatesare6 =>n=>5

h=b-a=25-0=-05
n 5

x | o] og 1] 15 2] 25
y=1+x | 1] 15[ 2| 25 3[ 35

Herey1=1,y2o=15,y3=2, y4 =25, y5=3, yg=3.5.
By trapezoidal Rule

2'j5(1+X)dX=2[(Y1+YG)+2(Y2+Y3+y4+y5)]

0

0.5
= 2 [(1+35)+2(15+2+25+3)]

1 22.5
4[45+18] = 4 = 5.6 square units

EXERCISE -X

1. Using trapezoidal rule, evaluate IZ \(9 X2 ) dx by taking 4 equal intervals.

0
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2. Using trapezoidal Rule, Find the approximate area under the curve y = x2 +1,
when 0 < x <6 by taking 7 ordinates.

3. A curve is drawn to pass through the points given below

2| 22| 24| 26| 2.8 3.0
3| 34 3.7 39 4| 3.2

Find the approximate area bounded by the curve, x axis and the lines x =2 and x = 3.

. 1
4. Apply Trapezoidal rule to evaluate J. Sm by taking 4 equal intervals.
4
ANSWERS
1.54 2.79 3.3.62 4.0.5123

Simpson’s l\rdRuIe . In this rule, the graph of curve y = f(x) is divided into 2n (Even)
intervals.

Let y = f(x) be the equation of curve. When a < x < b, then approximate area under
the curve is

jb y dx=N [(first ordinate + last ordinate) + 2(sum of remaining odd ordinates)
2 3

+ 4(sum of remaining even ordinates)]

where h _b-a a — lower limit of x
n

b — upper limit of x
n — number of intervals

Note : Simpson®s Rule is valid when total number of ordinates are odd.

Example 16. Calculate by Simpsons rule an approximate value of _[ 8 (x 34 3)dx by taking 7
2

ordinates.

SoI:Giveny:x3+3, a=2, b=8 n=6

h:b—a:8—2 =1

n 6
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X 2[ 3] 4] 5] 6] 7[ 8
y=x"+3 | 11| 30| 67| 128] 219 347| 515

Here y1 =11, y» =30, y3 =67, y4=128,y5=219, yg =347, y7 =515.

By Simpson®s rule

18(x3+3>dx=%<y1+y7>+2<y3+y5>+4(y2+y4+y6>1
2

1
= 3[(11 +515) + 2(67 + 219) + 4(30 +128 +347)]

1 1
= 3[526+572+2020] = 3[3118]

= 1039.3 square units.

Example 17. Evaluate |* ¢ * dx by Simpson"s rule, when e = 2.72, ¢% = 7.39, ¢° = 20.09, ¢* =
0

54.60.

Sol. Giveny= eX, a=0, b=4, h=1(Asvalues of x varies in gap of 1).

X 0 1 2 3 4

Y=eX|el=1]et=272e? =739 |e®=2009|e* =546

y1=1,y9 =272, y3 =7.39, y4 = 20.09, y5 = 54.6

By Simpson®s Rule

JAeXdx=2[(y1+y5)+2y3+4(yz+y4)]

0

1
= ~3[(1 +54.6) + 2 x 7.39 + 4(2.72 +20.09)]

1
=~ 3[55.6 + 14.78 + 91.24] = 53.87 .

226



EXERCISE - Xl

1. Calculate by Simpson*s rule an approximate value of [f_dX dx by taking 10 equal
1+x
0

interval.

2. Apply Simpson‘‘s rule to evaluate approximate value of [o X 3 by taking four equal
4

intervals.

3. Find approximate area under the curvey = (1 + x2) when 0 < X <4 using Simpson‘s Rule
by taking five ordinates.

4. Use Simpson“s rule to approximate the area under the curve determined by the data gien

below

x 1 2 3 4 5 6 7
y 15 27 30 33 20 19 4

ANSWERS

1..6931 2.1.62 3.25.33 4.145



UNIT -6
DIFFERENTIAL EQUATION

Learning Objectives
e To understand the basic concept about differential equations.

e To learn the solving technique for first order differential equations.

6.1 DIFFERENTIAL EQUATION

In engineering problems, mathematical models are made to represent certain
problems. These mathematical models involve variables and derivatives of unknown
functions. Such equations form the differential equation. Thus, a Differential Equation is
defined as an equation in which y and its derivatives exists in addition to the independent

variable x.

2 2.\2
For example; (i) di+5y=0 (i) d_y+3xy:0 (iii) \(u\\ :1+dy

dx dx \dx ) dx

In this chapter we will study only about ordinary differential equation.

Ordinary differential Equation: A differential equation in which dependent variable ,,y*

depends on only one variable ,x“ i.e., y = f(x) . e.g.

d
dx y+y=0

Partial differential Equation : A differential equation in which dependent variable ,,z*

depends on more than one variable say x and y i.e., z = f(x, y), For example,

622+izz:0
X2 8y2



Order of differential equation : It is the order of the highest derivative appearing in the
differential equation.

dy iy (d?y)
Example 1.Find the order (i) _+5y=0 (i) ——+2 ] —— | +3y=0
dx dx  \dx )
Sol. (i) orderis 2 (ii) orderis 3

Degree of Differential Equation: It is the power of highest derivative appearing in a
differential equation when it is free from radicals as far as derivatives are concerned

fractional and negative powers.

(dyY d? (dyY
Example 2. (i) | [+y=0 iy —= 14 _—|
\dx ) dx Ldx )
Sol. Order — 2 Squaring both sides to remove fractional powers
(d?y¥  (dyV
degree — 3 — | =14 — |
\dx ) \dx /
Now order — 2, degree — 2
(iii) now order — 2, degree — 3

Linear Differential Equation : A differential equation in which dependent variable ,,y* and
its derivatives has power one and they are not multiplied together. When y = f(x)

o

3 2
Ex —33/+d—32/+6d—y+y:0
X X dx

o
o

First Order Linear Differential Equation

A Differential Equation of the form

dy
ix +P(X)y=0 where y = f(x)



EXERCISE -I

1. Define the following with Examples
(i) Differential equation
(it) Order of Differential Equation

(iii) Degree of Differential Equation

o~y d '_y
= t y=X

2. Find the order and degree of the differential equation d? v @’
a. Order= 3, degree= 3 c. Order= 2, degree= 3 b. Order= 3,
degree= 2 d. Order= 3, degree=1

3. Find the degree of the differential equation
a. 1 b.2 c.4 d. None of these

(x+1) = ( )
4. Find the degree of the differential equation dx’

a. b.3 c.2 d.1

5. Determine the order and degree of the following differential equation. State whether the
equations is linear or non linear

(@) (dey)" ay
() |— | +7— | +9—+7y=0

\dx ) ldx ) dx
d

(ii) dx y+cosx=0

(iii) xyd2y2+x(| dy\|2
—y=0dx\dx/

(iv) d2y+|0gxdy+yz:0
dx 2dx
d (dy)

(v) Sy3+| Y i
+5y=0dx \dx/

oy (dys

(vi) — | = —|

\dx ) ldx)
4
(viiy 4 Y43dy =1
dx*  dx



1
b ey YTy
(viii) 1 o | =

| ax2) | dx
ANSWERS
2.(b) 3.(a) 4.(c)
5. (i) Order -3 degree —2 non linear
(i) Order -1 degree — 1 Linear
(iii) Order — 2 degree—1  non linear
(iv) Order — 2 degree — 1 non linear
(v) Order — 3 degree—1  non linear
(vi) Order — 2 degree — 2 non linear
(vii) Order — 4 degree — 1 linear
(viii) Order — 3 degree—3  non linear

Solution of a Differential Equation

The solution of differential equation is the relation between the variables involves in
differential equation which satisfies the given differential equation.

In this chapter we will study the solution of first order differential equation by

variable separable method.
Steps :

1. Separate the variables in given differential equation keeping in mind that dy and dx
should be in numerator.

2. Now put the sign off on both sides.

3. Integrate both sides separately by adding a constant on one side



4. This will give us general sol of Differential equation.

Example 3. : Find the general solution of differential equation g ~ =sin Xx.

dy
Sol : Given dx  =sinx

Separate the variables, we get

dy = sin x dx
Put the sign ofj on both sides

J. dy:,[sinxdx

y=—cosx+C

Example 4. Find the general solution of differential equation dy _

dx

Sol : Separate the variables dy __dx
1+y2 1+ X

2

Put the sign of_[ on both sides

dy dx
,[ 1+y2 =,[ 1+%°

-1 -1
tan y=tan Xx+¢c

Example 5. Find the solution of differential equation :

i dy_x iy v - __1
dx vy dx 1+x°
.vody 14y
i) xdy—ydx=0 v) —+=—=
(1) xdy =y () dx 1+2x
Sol : (i) g—izyx =ydy = x dx
22
:>f ydy:dex =Y =X +c
2 2
(i) &¥=__1 = dy=__dx

dx E+xE :Jl+x§

1

ty
+X

2
5 -



dx
= Idy:f —
1+x
= y=log|x+ ~Jl+x2|+c

(i) xdy—-ydx=0= xdy=yadx

dy  dx
= y: X

d dx
:>J. yy=.[ X
=logy=logx+c

(v) dy=1+y = dy = dx

dx 1+2x 1+y 1+2x
— _[ dy =J. dx
l+y 1+ 2x
= log(l+y)=l0g1+2x) ;¢
2
EXERCISE-II
1. Solve the differential equation
2. The general sol of the differential equation 0S
a. C.
b. =C d. None of these
3. The general sol of the differential equation df ‘ ('."( g is
a. e=e"+c c.¢ Y=e*+¢ b. e“+e ’=c d.

X,y X
e =

4. Solve the differential equations

. . 1 2
(i) L -Xt2 (v) Yo LY
dx y dx V14X



(i) dy =2-y (v) dY =gx-y+x2ev
dx x+1 dx

(iii) %:ytan 2x (vi) (1= X)ydx + (1 + y)x dy = 0

d
5. Solve the differential equation qx y =1-X+y-Xy.

6. Solve the differential equation sin x cos y dx + cos x siny dy =0

dy

7. Solve the differential equation gy ~ = 2e ™ Y.

ANSWERS
1.(c) 2.(b) 3.(a)
22
4.() Y_=X +2x+c (i) 109(2—Y) =log(x +1) +c
2 2 -1
= log sec 2x +
(iii) log y c2 (iv) log|y+/1+y? |=log|x++/1+x? |+c
X3
(V) ey=ex+ "+ (vi) logxy=x—-y+c
c3
X
5 log(1+y)=x- 2 6. Iogsecx+Iogsecyzc?.—y‘2=2ex+c

c?2 2
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STATISTICS



UNIT-7
STATISTICS

Learning Objectives
e To understand the basic statistical measures like mean, mode, median and their different
calculation methods.
e To learn about methods to calculate measure of mean derivatives, standard deviation,
variance etc.
e To understand concept of correlation of data and different methods to calculate
coefficients of correlation.
STATISTICS
Statistics is a branch of mathematics dealing with collection of data, analysis,
interpretation, presentation and organization of data. In applying statistics into a problem, to
for Example a scientific, industrial or social problem, it is conventional to begin with
statistical population or a statistical model process to be studied in that problem.

Here in this chapter, we study about some measures of central tendency which are a
central or typical values for a probability distribution. In other words, measures of central
tendency are often called averages. Before we study about measures of central tendency, we
must know about type of data.

Type of Data
a) Raw data : Data collected from source without any processing.
For example:The marks of ten students in math subject are 10,12,15,25,30,25,15,13,20,25

b) Discrete frequency distribution (Ungrouped data): The data which have not been
divided into groups and presented with frequency (no. of times appeared) of data.

For example:The marks of ten students in math subject are given by

Marks(x): 10 12 13 15 20 25 30

Frequency(f): 1 1 1 2 1 3 1

¢) Continuous frequency distribution (Grouped data): The data which have been divided

into continuous group and presented with frequency (no. of times appeared) of individual
group.

For example:The marks of students in math subject in a class are given by:

Marks class 10-20 20-30 30-40 40-50

Frequency 7 10 15 8




7.1 MEASURE OF CENTRAL TENDENCY

Measure of Central tendency are also classed as summary of statistics. In general,the mean,
median and mode are all valid measure of central tendency.

Mean: It is average value of given data.

2

For Raw data;Mean x = — : where xi is value of individual
datan

_ fX
Zii
f

For Ungrouped and Grouped data; Mean x= X ; Where n; is the value of individual
data and fj is corresponding frequency of value X;.

Median : It is middle value of arranged data.

(n )

| — —¢
For Grouped data;  Median =1 +K2—fj* h where median class | = lower limit of

.‘i‘

class which has corresponding cumulative frequency equal to or greater than “median class,
n = xfj,
¢ = Comulative frequency preceding to the median class cumulative

frequency h = length of interval,

f = frequency of median class

Mode : It is the term which appears maximum number of times in the given data.

OR
The term which has highest frequency in given data.

(f—f1)
For Grouped data;Mode =1+ 2f—f —f ,*h

Modal class = class which has maximum frequency value

where | = lower limit of modal class,



h = length of interval,
f = frequency of modal class

f1 = frequency of preceding class to modal class f»

= frequency of succeeding class to modal class

Example 1. Calculate mean for the following data.
21, 23, 25, 28, 30, 32, 46, 38, 48, 46

Sol : The given data is 21, 23, 25, 28, 30, 32, 46, 38, 48, 46
Total No. of observations = 10

Sum of observations =21 + 23 +25+28 + 30 + 32 + 46 + 38 + 48 + 46 = 337

Sum of observations  _ 337 _ 337

Mean = L
Total No.of observations 10

Example 2.Find the arithmetic mean of first 10 natural numbers.

Sol : First 10 natural numbers are 1,2,3,4,5,6,7,8,9,10
Sumof numbers=1+2+3+4+5+6+7+8+9+10=55
No. of terms = 10

Mean = sum of numbers — 55 — 5 §
No.of terms10

Example3. Find the median of the daily wages of ten workers.
(Rs.) : 20, 25, 17, 18, 8, 15, 22, 11, 9, 14

Sol : Arranging the data in ascending order, we
have 8, 9, 11, 14, 15, 17, 18, 20, 22, 25

10 o

Since there are 10 observations, therefore median is the arithmetic mean of |(_\ and

\ 2/
(10 o 15+17 _

+1 | observations, so median =

| — 16
L2 ) 2




Example 4. The following are the marks of 9 students in a class. Find the
median. 34, 32, 48, 38, 24, 30, 27, 21, 35

Sol : Arranging the data in ascending order, we
have 21, 24, 27, 30, 32, 34, 35, 38, 48

Since there are total 9 number of terms, which is odd. Therefore, median is the value of
(9+1\"

| —— | observation i.e. 32

L 2)

Example 5.Find the mode from the following data:
110, 120, 130, 120, 110, 140, 130, 120, 140, 120

Sol : Arranging the data in the form of a frequency table, we have
Value: 110 120 130 140
Frequency: 2 4 2 2
Since the value 120 occurs the maximum number of times. Hence the mode value is

120 Example 6. The arithmetic mean of 7, 9, 5, 2, 4, 8, x is given to be 7. Find x.

So | : X_=_7—+—9—+-5-+—2—+-4—+—8—+—x

7
but ¥ =7
7=35+X
7
= 49 =35+ x
= Xx=49-35=14

Example 7. Calculate range for the following data
19, 25, 36, 72, 51, 43, 28
Sol :  Maximum value of given data = 72

Minimum value of given data = 19



Range of data = Maximum value — Minimum value

=72-19=53

Example 8. Calculate arithmetic mean for the following :

N

is

Income (in Rs.) : 500 520 550 600 800 1000
No. of Employees : 4 10 6 5 3 2
Income (in Rs.) No. of Employees
(x}) (fi) (fix;)
500 4 2000
520 10 5200
550 6 3300
600 5 3000
800 3 2400
1000 2 2000
>f; =30 >xif; = 17900
X f
_ X 17900
% = n =——=590
2 30
Example 9. Calculate median for the following data
X : 1 2 3 4 5 6 7
fi : 8 10 11 16 20 25 15
Sol :
Xi fi C.f Here N = 120
1 8 8 Now -1 =60
2 10 18 We find that the commutative
3 11 29 frequency justgreater than
4 16 45
)




5 20 65 65 and the value of x
6 25 90 corresponding to 65 is ,,5%
7 15 105 Therefore median is ,,5.
8 9 114
9 6 120
=N =120
>

Example 10.Calculate mode for the following data:
X 91 92 96 97 101 103 108

fi 3 2 3 2 5 3 3

Sol:  Aswe know that mode is the highest frequency value and highest frequency is 5 and

corresponding value is 101.
So mode value is 101

Example 11. Calculate mean for the following frequency distribution

Class interval 0-8 8-16 16-24 24-32 32-40 40-48
Frequency : 8 7 16 24 15 7
Sol :
Class interval | Frequency(f;) Mid Value (x;) fix;
0-8 8 4 32
8-16 7 12 84
16-24 16 20 320
24-32 24 28 672
32-40 15 36 540
40-48 7 44 308
fi=77 >xifj = 1956




X_:

x f
l=@=2s.4o
f
>

Example 12. Calculate the median from the following distribution

77

Class : 5-10 10-15 15-20 20-25 25-30 30-35 35-40 40-45

Fre.: 5 6 15 10 5 4 2 2
Sol :
Class fi Cf We have N =49
>-10 > ° Now N_49-245
2 2
10-15 6 11 commutative frequency just
15-20 15 26 N
greater than 2 ,is24.5and
20-25 10 36 Corresponding class is 15-20
25-30 5 41 Thus, class 15-20 is the
median
30-35 4 45 class such that I =15, f=15
35-40 2 47 cf.=11,h=5
40-45 2 49
Efi=N=49
(N )
| — - } (245-11 5
. Median = | + \2 «h=154+ x5=15+ =15+45=195
f 15 3

Example 13. Calculate mode from the following data

Rent(inRs.) :  20-40 40-60 60-80 80-100 100-120 120-140 140-160
No.of House: 6 9 11 14 20 15 10
Sol . By observation, we find that the highest frequency is 20

Hence 100-120 is the modal class.

(f-f1)
Mode =1 +(2f-f1—-f5) xh

where | = 100, f = 20, f; = 14, f, = 15, h = 20



(20-14)
. Mode = 100 + 2(20)— 14— 15x 20

6x 20 120
100+~ 71 =100+ 11 =100+10.91=110.91

7.2 MEASURE OF DISPERSION

Mean Deviation : The mean deviation is the first measure of dispersion. It is the average of
absolute differences between each value in a set of value, and the average value of all the
values of that set. Mean Deviation is calculated either from Mean or median. Here, we will

study Mean Deviation about Mean

1. Mean deviation about Mean

(a) For Raw data Z

Mean Deviation about Mean =

Where >— Represents summation

N ﬁiumber of terms or observations

Mean x=__i
N

(b) For Ungrouped and Grouped data Z

- flx=x|
Mean Deviation about Mean = T
Zf

Where >— Represents summation

fi— frequency

f X
K= 1
z f
Mean deviation ¢ lmu me

Also Coefficient of Mean Deviation about mean is = Mew

2. Standard Deviation



It is the Root Mean Square value of deviations and also called in short form as R.M.S. value.

(a) For Raw data

- 2% % )’
o = Standard Deviation= +N

X

_Zi

where ¥="N

N — Number of observations
(b) For Ungrouped and Grouped data

=\
o = Standard Deviation= L1, (% % )
- f x
z i
where X = f

Some formulae :

Standard Deviation

(i) Co-efficient Standard Deviation =

(i) Variance = (6)2 = Square of Standard Deviation

S .D
(iii) Co-efficient of Variation=yx  x100

Example 14.Calculate mean deviation about mean and its coefficient from the following data
21, 23, 25, 28, 30, 32, 46, 38, 48, 46

Sol:
Xi Xi =% x|
21 ~12.7 12.7
23 ~10.7 10.7
25 -8.7 8.7
28 -5.7 5.7
30 ~3.7 3.7
32 ~1.7 1.7
46 12.3 12.3
38 4.3 4.3
48 14.3 14.3
46 12.3 12.3
¥Xj = 337 Z|x x| = 86.4
x=2= 2337



M .D. 2 f'f' _864 g5
2 10
Coefficient of M.D. = M.D._ 864 _ g
X 33.7
Example 15.Find mean deviation about mean of the following data
Xi : 3 5 7 9 11 13
fi : 2 7 10 9 5 2
Sol:
Xj fi Xif Xi =% X5 X—x |fi
3 6 -4.8 4.8 9.6
5 35 -2.8 2.8 19.6
7 10 70 -0.8 0.8 8.0
9 9 81 1.2 1.2 10.8
11 5 55 3.2 3.2 16.0
13 2 26 5.2 5.2 10.4
>f;=35 >xifi =273 X|x —:lfi =744
X f _
rzZii=273:7.8 M,D,=Z|Xi—x|fi=ﬂ=2,13
fo f

2 3 2 35

Example 16. Find mean deviation about the mean for the following data

Marks obtained 10-20 |20-30 | 30-40 |40-50 |50-60 |60-70 |70-80
Number of students |2 3 8 14 8 3 2
Sol :
Marks No. of Mid iX; Xi =% | X—x] X—% |fi
obtained | students(fj) | point(x;)
10-20 2 15 30 -30 30 60
20-30 3 25 75 -20 20 60
30-40 8 35 280 -10 10 80
40-50 14 45 630 0 0 0
50-60 8 55 440 10 10 80
60-70 3 65 195 20 20 60
70-80 2 75 150 30 30 60




‘ >f; = 40 ‘ infi:1800‘ ‘ ‘ =[x - x| fi = 400
X f _
_Z i = 1800 =45 M .D.= 2| Xi—x|f = 400 = 10
f f
2 40 2 40

Example 17.Calculate deviation and variance of the following data :
6, 8, 10, 12, 14, 16, 18, 20, 22, 24

Sol :
X; X=x% (x= =)’
6 -9 81
8 7 49
10 -5 25
12 -3 9
14 -1 1
16 1 1
18 2 4
20 5 25
22 7 49
24 9 81
=Xj = 150 2(x- % )¥=330
> 150

x="h ="10=15

SD - 2(xi-%x)_ 330 _ =3
n

Variance = (S.D.)2 = ( 33 )2 =33
Example 18. Find variance and co-efficient of variation for the following data

Xi 4 8 11 17 20 24 32



fi 3 5 9 5 4 3 1

Sol :
Xj fi fix; Xi —% (X —x% )2 fi (X —x )2
4 3 12 -10 100 300
8 5 40 ) 36 180
11 9 99 -3 9 81
17 5 85 3 9 45
20 4 80 6 36 144
24 3 72 10 100 300
32 1 32 18 324 324
>fi=30 | Zxfj=420 If (x—-xy =1374
1 i

X f
=2, i 1=420-14
D £:30

S D= Zfi(xi—¥)2= 1374 _ 758 =6.77

f
2 30

Variance = (S.D.)2 =45.8

Coefficientof variation = S;_Dx 100 = 6.77 100 = 48.35
¥ 14

Example 19. Calculate the mean, variance and coff. of S.D.for the following distribution:

Class 30-40 40-50 50-60 | 60-70 70-80 80-90 | 90-100
Frequency 3 7 12 15 8 3 2
Sol :

Class fi Xi fixi (x -5 ) f(x-x )’

30-40 3 35 105 729 2187

40-50 7 45 315 289 2023

50-60 12 55 660 49 588

60-70 15 65 975 9 135




70-80 8 75 600 169 1352

80-90 3 85 255 529 1587
90-100 2 95 190 1089 2178
50 3100 10050

X f
X:Z_i_i =3100=62

Y. £,50
Zf_( X _,
Variance = = f_* )” _ 10050 _ 544
2 50
S.D= 201=14.18
Coff. of 5.0 = 5.0 = 14.18 _ 0 27
X 62
EXERCISE -1
1.Mean of first 10 natural numbers is
a. 55 b.5 c.4 d. 10
2.Median value of first 20 natural numbers is
a. 10 b.10.5 c. 11 d. 12
3.Mode of following data : 2,2,4,4,4,5,6,7,10,11 is
a. 2 b.4 c. 10 d. 11

4. Calculate the meanof 1, 2, 3,4, 5,6
5. Calculate the median of the data 13, 14, 16, 18, 20, 22

6. Median of the following observations 68, 87, 41, 58, 77, 35, 90, 55, 92, 33 is 58. If 92
is replaced by 99 and 41 by 43, then find the new median.

7. Find the mode of the set of values
25,23,22,24,22,27,27,25,23,2.3,2.6
8. Find median of the series 3, 6, 6, 9, 12, 10

9. Find median of the series 4, 8, 6, 12, 15

10. Find A.M. for the following
X : 10 11 12 13 14 15
f : 2 6 8 6 2 6



11. Find the value of median for the following data
X 5 6 7 8 9 10 11 12 13 15 18 20
f 1 5 11 14 16 13 10 70 4 1 1 1

12. Find the mean deviation about mean of daily wages (in Rs.) of 10 workers : 13, 16,
15, 15, 18, 15, 14, 18, 16, 10 also find its co-efficient.

13. Find M.D. about mean of the following data
X : 3 5 7 9 11 13

f : 2 7 10 9 5 2

14. Find the mean deviation about the mean for the following data.

Income per |0-100 100-200 | 200-300 | 300-400 | 400-500 | 500-600 | 600-700 | 700-800
day

Number of [4 8 9 10 7 5 4 3
Persons

15. Find mean deviation about mean for the following data
X 5 10 15 20 25
fi 7 4 6 3 5

16. Find mean deviation for 4,7, 8, 9, 10, 12, 13, 17

17. Find standard deviation for the following data
X 3 8 13 18 23
fi 7 10 15 10 6

18. Calculate mean, variance and standard deviation for the following data
Cass Interval  30-40 40-50 50-60 60-70 70-80 80-90 90-100
Frequency 3 7 12 15 8 3 2

19. Find mean and variance for 6, 7, 10, 12, 13, 4, 8, 12

20. Find variance for the following frequency distribution
Cass Interval 0-30 30-60 60-90 90-120 120-150 150-180 180-210
Frequency 2 3 5 10 3 5 2
21. Find mean for the following data
Class interval 0-10 10-20 20-30 30-40 40-50
Frequency 5 8 15 16 6



ANSWERS

(1) a )b 3) b (4) 712 (5) 17 (6) 58
(M2.2  (8)75 (9) 8 (10)12.6  (11)12 (12) 1.6
(13)2.13 (14)157.92 (15)6.32  (16)3 (17) 6.12

(18) Mean; 62 Variance: 201 SD: 14.18  (19) Mean: 9 Variance: 9.25

(20) 2276 (21) 64

7.3 CORRELATION AND RANK OF CORRELATION

Correlation : If two quantities are in such way that changes in one leads to change in other
then we say that these two quantities are correlated to each other. For Example, the age of a
person and height of the person are correlated. If this relation exist in two variables then we

say simple correlation. In this chapter, we study about simple correlation
Types of Correlation

(i) Positive Correlation : Two quantities are positively correlated if increase in one leads to
increase in other or decrease in one leads to decrease in other, then we say two quantities are
positively correlated. For example

Year 1960 1970 1980 1990 2000
Population: 1250 1390 1490 1670 1700
in village

(i1) Negative Correlation : Two quantities are negatively correlated if increase in one leads

to decrease in other or vice versa then we say the two quantities are negatively correlated.

For example
Year : 1960 1970 1980 1990 2000
No. of trees 2000 1730 1600 1520 990

in a town



Correlation Coefficient : The numerical measure of degree of relationship correlation
between two quantities is called correlation coefficient.

Method of Studying Correlation
(i) Scatter Diagram Method
(i1) Graphic Method
(iii)Karl Pearson®s Coefficient of Correlation
(iv) Rank Correlation Method
Here we will study only about Rank Correlation Method.

Rank Correlation Coefficient:In this method, firstly ranking are given to the observations
then, co-efficient of rank correlation is given as :

62.d >
r=1-———
N(N“-1)
where N — Number of observations
d — difference of ranks
Here r lies between -1 and 1

(1) r>0and nearly equal 1 means two quantities are positively correlated
(ii) r < 0 means two quantities are negatively correlated

Example 20.Calculate co-efficient of rank correlation between X and Y from the following
data:

X : 45 70 65 30 90 40 50 75 85 60
Y : 35 90 70 40 95 45 60 80 30 50
Sol:

X Y R1 Ro d=R1-R> d2

45 35 8 9 -1 1

70 90 4 2 2 4

65 70 5 4 1 1

30 40 10 8 2 4

90 95 1 1 0 0

40 45 9 7 2 4

50 60 7 5 2 4

75 80 3 3 0 0




85 30 2 10 -8 64
60 50 6 6 0 0

2
F=1- Gzzd _1_6x82 1 492_1 g49-051
nn’-1) = 10(99) 990

Example 21.In a fancy-dress competition, two judges accorded following ranks to the 10
participants:

Judge X |1 2 3 4 5 6 7 8 9 10

Judge Y |10 6 5 4 7 9 8 2 1 3

Calculate the co-efficient of rank correlation.

Sol:
Judge X =Ry | JudgeY =R, |d=Ry-Ry o’
1 10 9 81
2 6 4 16
3 5 2 4
4 4 0 0
5 7 2 4
6 9 3 9
7 8 1 1
8 2 6 36
9 1 8 64
10 3 7 49
$d” = 264

2
r:1—6§d _1 6x264 4 1584 4 15_ 06
an2-1)  10(99) 990

Example 22.The co-efficient of rank correlation between X and Y is 0.143. If the sum of
scourers of the differences is 48, find the value of N.

Sol: r=0143  zd°=48  N=2?




2
62" 6 x 48
r=1-—%4 o 0143=1--

N(N:-1) N(N?-1)
- 288 - 288
0143 -1 = _ or - 0.857 = —
N(N*-1) N(N*-1)

2 228
N(]'V )_ 1= 0.857

2
N(N“ - 1) = 336

By hit and trial method, we getn =7

i.e. 7(72 —1)=7(49-1) = 7(48) = 336
Son=7

EXERCISE - 11

1. There are two sets X and Y of data. If increase in X values leads to decrease in
corresponding values of Y set, then

a. Xand are positively correlated

b. Xand Y are negatively correlated

c. XandY are not correlated

d. XandY are equal sets
2. Formula for Rank correlation is:

r=1-—o
a. N(N"-1) C.
b_-lSﬁr{él d.7=>0
3. The value of rank correlation coefficients satisfies
a -1<r<1 b.r>l C_r<—l d

4. Formula for mean deviation about mean for frequency data is given as

a. b. C. d.
5. Fill in the blanks
a. Varianceis ............. of standard deviation
b. Coefficient of variation = ..................... x 100
6. The ranking of ten students in two subjects A and B are
A 3 5 8 4 7 10 2 1 6 9
B: 6 4 9 8 1 2 3 10 5 7

7. Ten students got the following marks in Mathematics and Physics
Marks in Maths : 78 36 98 25 75 82 90 62 65

Marks in Phy.: 84 51 91 60 68 62 86 58 53

39

47



8. Calculate the co-efficient of rank correlation between X and Y from the following
data:
X 10 12 18 16 15 19 13 17
Y: 30 35 45 44 42 48 47 46

9. The sum of squares of differences on the ranks of n pairs of observations is 126 and
the co-efficient of rank correlation is -0.5. Find n.

10. The rank correlation co-efficient between marks obtained by some students in
statistics and Economics is 0.8. If the total of squares of rank difference is 33. Find

the no. of students.

ANSWERS
1.b 2.a 3.a 4.a 5. Squareb. Standard_deviation
X
6. -0.297 7.0.828. 0.74 9.n=8 10. 10

* k k k%



